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ABSTRACT

A method for the computation of confidence intervals for
circular error probability (CEP) based on first order variance
estimates was introduced in 1966. It was later found that
under certain conditions the resulting confidence intervals
for CEP were smaller than expected. As a result a second
order variance estimate method was developed, at the Johns
Hopkins University Applied Physics Laboratory, which greatly
improved the accuracy of the confidence intervals for CEP.
The purpose of this thesis is to develop and test procedures
for the 3-dimensional case to obtain a second order estimate

for variance of spherical error probability (SEP).
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THESIS DISCLATIMER

The reader is cautioned that computer programs developed
in this research may not have been exercised for all cases of
interest. While every effort has been made, within the time
available, to ensure that the programs are free of
computational and logic errors, they cannot be considered
validated. Any application of these programs without

additional verification is at the risk of the user.
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I. INTRODUCTION

A. BACKGROUND

In 1966 W.R. Blischke and A.H. Halpin [Ref. 1] first
described methods for the computation of confidence intervals
for circular error probability (CEP) based on first order
variance estimates. When these procedures were implemented at
the Johns Hopkins University Applied Physics Laboratory (JHU-
APL) it was found that under certain conditions the resulting
confidence intervals for CEP were smaller than expected. As
a result R.C. Ferguson, K.V. Kitzman and P.B. Jackson [Ref. 2]
have extended the Blischke-Halpin procedures tc create a
second order variance estimate. Testing conducted by Kitzman
[Ref. 3] has confirmed that this method produces a more
accurate estimate for the variance of CEP.

Our goal will be to extend this procedure to the 3-
dimensional case to obtain a second order estimate for

variance of spherical error probability (SEP).

B. METHODOLOGY

We begin by assuming that missile detonations are
distributed as trivariate Gaussian. 1In the past, analysis of
ballistic missile test firing data has failed to disprove this

assumption. If the mean and variance are given by:




K,
|J'2 ’
F)

h =
[}

013 O35 Oy,
I = (0, O, 0,.

O3y O3, O3,

Then the probability of a detonation occurring within a

distance R of the origin is given by:

AR;p,I) = fff(‘/z_#gexp{—%(x-p)TE’l(x—p)}dxldxzdx3
D

where,
X1
x = |X;|,

X3
%
|

q? = det[Z],
and D = {x,,x,, X3)|x7+x;+x] < R?}.
. . s . oP . . '
By the implicit function theorem, 35 > 0 implies that the

equation AR;u, L) = CONSTANT defines a differentiable function




R, Z) such that PRH,ZI);p,I) = CONSTANT. If the CONSTANT is

set to %, then R, Z) is the SEP function. Let X,,X,,., X, be

a random sample of independent and identically distributed

random vectors with distribution N(u,X). Then the maximum
n
. . . A _ 1
likelihood estimators of H and X are —-BE:A( and
1=
1 n
= T}E X;-fi)y. When { and £ replace p and £ in the
1=1
equation FER;pu,Z) = % then R({,2) gives SEP, an estimator of
SEP.

The second-order approximation for the variance of SEP is

given by:

2
O5ep = (D 5vSEP)TP(D,5.SEP)
1/42 T 2
+ —2-<D ,,SEP) (P®P)(D uSEP)

—upuets poAS TR AU T

+

o e

[(DZZUSEP) 7}3]2 (1)

u = T i 3 3
where IY = (6,,,0,,,0,,,0,,,0,,,05,)", D, y.SEP is the derivative of

SEP with respect to u, XY viewed as a column vector, D:}:.,SEP is




the usual second derivative matrix (or Hessian) of SEP with

P, P,
respect to p,ZY, P = r is the variance-covariance
puzu qu

matrix fi, £Y, @ is the tensor product operation and the

underline notation is used to represent the column vector

formed by stringing out the elements of the matrix by rows.

For example, if A =
3 4

2
] then 4 ={1 2 3 4]7. Note that {i is

distributed zvuh.%z) so P, =-%. It can also be seen thatn®
has a Wishart distribution with parameter X, so that
Py, =-%(2E92). The complete derivation of equation (1), based

on Taylor Series expansion, is given in appendix A.




Since {i and £ are independent [Ref. 4:p. 102] it follows

that P, zv = 0 and equation (1) can be written as:

2. - [8sEP\", (8sEP),(dsEP\", (8SEP
szp o ¥\ _du 33 b Ly

a?-ssp) P ®P,,)( aZSEP) +[ GZSEZP) T(P2u®qu)[ FSEP
_onv _oxv

(azssp) (Pp®qu)( 825E'P)+( azsszz) (qu®P.,)(aZSEP;)

PsepP\T R (2)
%[( asufp) (&)*( ool ) (Exz)] :

Derivation of the first order terms in equation (2) has
been accomplished by S.D. Hill at JHU-APL [Ref. 5]. 1In order

to solve for the second order terms it will be necessary to

O*SEP J*SEP and *SEP

’

find expressions for
op? oxu? oudxrH

, 1.e. it is

necessary to find DiEwSEP, the second derivative matrix of SEP

with respect to its arguments. Chapter II will describe the
derivation of the secord order variance estimate and Chapter

IITI will discuss implementation and testing of the algorithm.

Conclusions will be presented in Chapter IV.




II. DERIVATION OF THE SECOND ORDER ESTIMATE

A. FIRST ORDER TERMS

We begin by describing the derivation of the first order terms

given in equation (2). If we define:

F(Xll X, X3i b, BY) = exP{_%(x_p)TE_l(x'U)}

where

011 012

o gl2 = g2t
T! = [g2l g22 23 , ol = g2
o031 32 33 023 = ¢3?

(x-p) D X-p) = (% -1, )P0t 4200 )X, R, ) OF L +2(X) — B )(X; —H4) 0t
X mB) 0% 422, ) (X5~ B4) 07 #(Xy ~ )2 07

and

gp,0,¢;u, LY = FlpsinBcosd, psinBsind, pcosh; p, LY.

Then, with a shift to sphe.i1ical coordinates, we see that:

2
BR;p,TY = ;fo "fo"fo’?pzsineg(p,e,mp,2u)dpded¢.

2n) g (3)




We wish to solve equation (3) for each of the partials

J0SEP
5 where A = (W, M, H3,0,,,0;,,0.,,0,,,0,;,05). From the
1

previous section,-ﬂu,2)=-% is the SEP function, so we need
. OR
to solve for the partials ok
i

Taking partials of equation (3) we see that,

R 1 oF
PR = - dx,dx,dx
ey (m)aqf£faxi 18 0%s (4)
and
PR) = (_f%;f:’fonsinﬁg(}?,e,cb)dedcb.
VET

We can solve the right hand side of equation (4) for

i=1,2,3 by using the relationships

dg __ 99 d9g __9g dg __ dg
ou, Ox, op, Ox, op, Ox,




SO we see that

[ ancnn - [[] 38 amaman

If we apply Green's Theorem to this equation and then make

a shift to spherical coordinates we get:

-fffaa_i dx, dx,dx, sz:“foﬂcos¢sin269(R,6,¢)dﬁd¢
D

-/ f [+ ag drydrydx, = R*[ 7 [Tsinesin®0ar. 0, ¢)d0a

fff ag dx,dx,dx, = sz:xfoncosesineg(}?,6,¢)d6d<b

= %zfczﬂf:sinzﬂg(h’, 6, $)dbdd

To solve the right hand side of equation (4) for i=4,...,9

we first note that:

25 , i=j

Fg _ ] 9
Ol 0H, dg —
' s, ¢ 177




so we get

1 8 Jdg ,
1 0 , i=7

ag - 2 an apl
90, -9 9dg i*j
ax; op; J

which is used to evaluate the integral of aaf as follows: |

1

[ 88 s, = [ o pasatcostmyaiis intaing-u
D 4

+013(pcos6—p.B)]cosd)sinng(R, 6, ¢)d0dp

fff ag dx,dx,dx, = sz “foﬂ[o“(psinﬁcosd)—pl)+012(psinesin¢—p.2)

+ol3(pcos6-pa)]sind)sin?Bg(R, 0, ¢)dddd

fff ag dx,dx,dx, 22f:"fon[on(psinﬂcosd)—pl)+o“(psinﬂsin¢—p.2)

+ol3(pcose—p3)]sin269(1?, 0, ¢)dbdp

2 L3R
fff ag dx,dx,dx, = %f: fo [o“(psin@cos«b—pl)+022(psinesin¢-p2)

+023(pcose—p.B)]sincbsinzﬁg(R, 8, d)d0dd

fff 99 dx dx,dx, 22f:'foﬂ[o“(psinﬂcosd:—pl)+022(psinﬁsin¢—p.z)

+023(pcosﬂ-u3)]sin269(R, 0, $)Pdd




2] R2 f2x px . . .
[[[ 5 dadndx - £ [ [ o7 psintcost-p,) 0 psindsing-u,

+0*}(pcosB-p,)|sin20g(r, 0, ¢)dOdd

If we define the functions:

.

CC; 5.k \Rip, BY) = foznfogcosi(jB)cos"(l¢)g(R, 6, $)dddo

€Sy 5 iRi B, 2% = [T ["cosi(j8)s infId)a(R. B, ¢)dBd

=

SC; 5.k ARi 0, B = [T [*sini(jB)cosHId)a(R. 8, $)dBdd

SS;. 5.k Ri . B = [T ["sini(j8)sin14)g(R, 0, $) B

Extending the work of Blischke and Halpin, with the aid of

Green's Theorem, we can see that:

OSEAp, LY _ [5G 1,11 $5;.1.1,1 SC12,0,0 T

(5)
ou SCi1,0.0 SCI,I,O.O 2SC1,1,0,0 o, 2910, 2)
B, ik

10




05C; 1,1.1
oy,
28552,1,1,1
OH,
95C1,2,0,0

OSERp,BY) _ 1 %8,
orv 25C)1,0,0| 85S;,1,1.1
Oj,

95C;,2,0.0
ou,

9SC, 2,0,0
20y,

(6)

h [(R(».E”);ﬂ.tu).

Applying the partials given in equation (6) to the

partials - __gé dx,dx,dx, given above we see that:
aa ) 1 2 3
D 1

%SOEP = ‘231;1 {%[4°11W9*2012“"11*013(”1_“’2)]
11 5
~wy(0ttp +0tp, 0 p,))
%i}fp ) %{ZR[zonwn+4°12W1z+°13(w3_w4)]
2 5

°W10(011P1+012P2+013P3)}

00, 2w

JdSEP - 1 {E[o“(wl—w2)+012(w3—w4)+013(w7+W5)]

2
_W6(011u1+o12u2+013u3)}

11




BSE'P _ 1 R 12 22 23 _
o, 2W5{Z[2o w1 +40%%w,, 402 (wy-wy)]
‘W10(012p1+022p2+023p.3)}
OSEP 1

Rz, _ 224y, 23
3. —Z—W—S{E[o (W1 = W) +0 22wy W) + 073 (w, +wy))

'Ws(°12P1*°22P2*023P3)}

GSEP _ 1 R 13 — 23 = 33
do., E_S{E[o (W= W) + 025 (W3 =W, ) + 073 (W, + W)

‘W6(013|J.1+023|.12+033p3)}

where WME;u,ZY% is given by:

)
w, = CC 110
w, = CC 3,11
wy = CS 1,11
w, =CS5 3,11
Wg = SCl,l,O,O
WR; b, B9 = we = SCi,2,0.0
w, = SCi 3,0,0
wg = 5C 111
Wy = SC35.2,1
Wip = 55;,1,1.1
Wy, = 853,1,1,2
Wiz = S551,2.1

where each of the functions is evaluated at Ru,XIY,u,Zv.

This completes the derivation of the first order terms

required in the computation of the variance estimate.

12




B. CONCEPT FOR DERIVATION OF THE SECOND ORDER TERMS

We first observe that equations (5) and (6) enable one to

express LfIﬂSEP as a composition of three functions

T,, T, and T,, each of which is a fairly simple function of its

arguments.
Explicitly,
D, pwSER, IY = T,°T,eT (1, ZY
where,
[ »
Typ,ZY) = zv
SEAp, LY
1Y
Eu
T.(4,ZY,R) =
A ) R
WMR;p, ZY)

13




A ]
Wg
Wio
Wy
We
2w,
R (401w +20%2w.  +023w. ~w.\ = 8 (glly +g12 13
. B—WZ( 01w, +20%% W, +01 (W ~wy)) -Z—W;(o pytolip,+ot3y,)
u %
TJER = —-—4?} (2011wn+4012wl2+013(w3—wq))—$(011p1+012p2+013p3)
5 5
LW W, ‘s
_41:,5 (011w, =w,) +0 3 (wy - w,) + 03 (w, ) 2;5(011”1*'0';“2*013“3)
R 12 22 23 Wio 12 22 23
8W(2<s w,,+46%%w, ,+0 (w3~w4))—2W(o Bito2ip,+0?7p)
5 5
R 612 ~w 4022w ~w A+ 623w 4w = 6 (5124 +G221 423
Z;S(o (W1~ W,) +O 55wy = w,) + 023 (w; + W) 2w5(° Ky +0%%u, 405y,
R 3w ~w A+ 023w —w A+ 033w 4w\ = 6 (131 4023y 433
E;S(o (W1 = W) ¥0 %Wy ~w,) + 073w, + W) 2w\ PaTOT 0 Hs)

Since D, yuSERW,LY) = T,°T,°T)(4,L% we may apply the chain

rule to obtain the second derivative as a matrix product:

D} goSERW, EY) = DTy(T,°Ty(i, Z%)DT,(Ty(k, Z¥)-DTy(p, BY). (7)

The simplicity of the functions 7T,, T, and T, means that
the derivatives DT, DT, and DT, are easily obtained and then
the rather large matrix products involved in DT,'DT,'DT, can be

left to the computer leading to a rather painless computation

of D?

. uSEP.

14




DT, (the total derivative of the function T)) is the 10x9

matrix consisting of the 9x9 identity matrix (from f%ingi),
T

with the tenth row consisting of the partials of SEP with

respect to mu and sigma.

[ 2 0 0 0 0 0 0 0 0

0 1 0] 0 0 0 0 0 0

0 0 1 0 0 0 0 0] 0

0 0 0 1 0 0 0] 0 0

0 0 0 0 1 0 0 0] 0

DT, =| o© 0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 0 0

0 0] 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1
OSEP QSEP OSEP OSEP OSEP OSEP OSEP OSEP OSEP
| O, oW, Opy; 0oy, Jdo,, OJo,; Jo,, Jo,, 0o, ]|

DT, is the 22x10 matrix consisting of the 10x10 identity

u
matrix (from i ’gu’iz), with rows 11 to 22 consisting of the
Pur ’

12x10 sub-matrix of partials of W with respect to u, Y and

R.

15




1 0] 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 ¢ 0 0 0 0
0 0 0 1 0 0 0 0 0 0]
0 0 0 0 1 0 0 0 0 0]
0 0 0 0 0 1 0 0 0 0]
0] 0] 0 0 0 0 1 0 0 0
pr,=| © 0 0 0 0 0 0 1 0 0 ‘
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1
Ow, Ow, OJw, Ow;, Ow, Ow, Ow, Ow, 0w, 0w,
ou, OW, OW, Jdo,, Jdo,, Jo,, OJ6,, 00,, 00,, OR
ow,, Ow,, Ow,, Odw,, Ow,, Ow,, Ow,, Ow,, Ow,, 0w,
op, OW, oOu, do, OJdo,, Jdo,, Jo,, Jdo,; Jo,, OR ]

DT, is the 9x22 matrix consisting of the partials of

u;(£=1,..,9) with respect to u, IZY, R and w.

—au113 aul:L6 aulll aull 12‘
jﬁr(’f) 55;(") Tﬁi(}{) jﬁ;()f )

DT, =
du,

)

au913 166u911 au5‘11.2
_75T( Xx3) (1x6) 7§Q(AX ) jﬁ;(’f {

Thus, in order to obtain the second degree variance
estimate given in equation (2) we must solve for the values of

all elements of DT,, DT, and DT,. Once these values are

computed, the solution is found by the matrix multiplication

16




shown 1in equation (7), yielding the 9x9 matrix of second
partials of SEP with respect to mu and sigma.

The values of the DT, elements are computed from equations
(5) and (6). The determination of DT, requires the evaluation

of ow oW and ow which is fully described in appendix B.

op’ axu OR

Finally, to solve for the elements of DT, it is necessary to

solve for each of the partials given above. The evaluation of

these partials is given in appendix C.

17




III. IMPLEMENTATION AAND TESTING

A. PROGRAMMING

The calculation of oiﬂ,the second order approximation for

variance of SEP (when pu and ¥ are known) has been implemented
in the FORTRAN program SEPCMP which is provided in appendix D.
The following steps are followed to obtain the approximation:

- Input the distribution mean (u) and variance-
covariance matrix elements (ZY).

- Compute SEP using p and X.

- Compute the values of each clement of the matrices
DT1, DT2 and DT3 and then form the matrix product
comprising the second derivative of SEP with

respect to p and ZY. The first derivative of SEP

with respect to p and XY is then given by row 10
of the matrix DT1.

- Calculate the variance-covariance matrices of {i
(P,) and of £ (P;) from Z.
- Form the SEP variance approximation using equation

(2).

Computation of SEP given p and XY is based on the PL-1
program RAP provided by JHU-APL. RAP is a general program
which provides the radius of coverage for any probability in
the interval (0,1) for either 2 or 3 dimensions. Those
portions of the program applicable to this problem, ie.
probability = 0.5 and 3 dimensions, have been used in the
FORTRAN subroutine FINDSEP to obtain SEP. Derivation of the
equation used to compute SEP is given by L. S. Simpkins [Ref.

6] and is implemented in the subroutine FINDSEP using Gaussian

18




Quadrature (via the IMSL subroutine QTWODQ) to evaluate the
required double integral.

Gaussian Quadrature is also used to evaluate each of the
double integrals in the W, CC, CS, SC and SS functions, which
are required in the evaluation of the matrices DT1, DT2 and

DT3.

B. TESTING

The purpose of deri ing the second order approximation of
the variance of SEP is to yield more accurate confidence
intervals for SEP. The approximation of these confidence

intervals is derived from the fact that since i and £ are

maximum likelihood estimators of p and X and thus SEP is

asymptotically Normal with mean SFP. Thus, for example, an

approximate 95% confidence 1nterval for SEP is given by

SsEp:+1.96\var(SEP) .

In order to test the affect of using the second order
approximation for the variance of SEP, tests of confidence

interval coverage were conducted as follows:

- Sample 30 random vectors from Mu,Z) and compute
i and £ for the sample.

- calculate SEP from i and 2.

- Calculate 8%, by replacing § and £ for p andZ
in both the first order and second order

approximations for the variance of SEP.
- Compute the large sample approximation 95%

confidence intervals for SEP using SEP+1.96,/6%,..

19




- Repeat 1000 times to calculate the percentage of
times that confidence intervals based on each
approximation cover the true SEP.

- For each input variance-covariance matrix, X,
repeat the test at different magnitudes of the
mean.

Trivariate normal random vectors are obtained using the
IMSL subroutines DCHFAC and DRNMVN. DCHFAC performs Cholesky
factorization of the distribution SIGMA which is then used as
an input to DRNMVN which returns the desired random vector.

The estimates of P, and Py are found by replacing p and
X with i and £ in the formulations of P, and Py given in

Chapter I. The results of this test are summarized in Table

1.
TABLE 1. 95 PCT CONFIDENCE INTERVAL COVERAGE
SIGMA MU FIRST ORDER | SECOND ORDER
cI cI
1.0 0.8 0.9 0 94.6 95.2
0.8 1.0 0.8 0
0.9 0.8 1.0 0
1.0 92.8 93.3
1.2
0.8
100 -160 270 0 93.3 94.2
-160 400 -480 0
270 -480 900 0
100 95.6 95.8
250
500
10,000 3,000 2,000 0 93.3 93.8
3,000 10,000 3,000 0
2,000 3,000 10,000 0
8,000 93.5 94.0
10,000
12,000
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These results indicate that there is little accuracy to be
gained by using the second order variance approximation.
There is, however, a situation in which the second order
approximation becomes important. This case has been described
by K. V. Kitzman [Ref. 3] and is paraphrased here.

Weapons system targeting can be measured from separate
subsystems (such as navigation, guidance, postboost, etc.).

Suppose tnat there are n independent subsystems and 1let

Xil,...,XimlJidN(u,E) represent the errors for the i subsystem

i=1,...,n, then the impact errors for the weapons system are
” iid

Y; =Y X;; j=1,...,m and Y,,.., Y, = Nu,=ng,Z,=nI).

i=1

If the Y's are measured directly and used to estimatep,

a I t et the tem SEP) th p, = Zx o Oy ang
an y (to g system ) en b S T n

2
Py = 3(2 L = 2—”(2@2). If on the other hand the individual
Z, m\"Y Y m

n
X's are available from the subsystems then {i, = ) X; where
=1
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Py = 2—{5(2@2). The significant factor is that the estimate of

Py, differs from the first estimate by a factor of n while the
estimate of B, remains unchanged. Thus as the number of

subsystems becomes larger and the number of observations

becomes smaller the size of Py can become very small in
relation to P&,. As the mean approaches 0 it follows that

OSEP
op

approaches 0 as well and thus the contribution of P, to

the estimate can become insignificant even though it is large

in relation to the P; term.

This affect has been examined as follows:

- Divide p and £ by n, the number of iid subsystems
being simulated.

- Draw m random samples from the distribution given
by this new p and £ for each of the n subsystems.

- Calculate fi and £ for each of the n subsystems.

- Sum the n estimates to get a total fi and £, the
estimate for mean and variance in Y.

- Compute confidence intervals for SEP using both
the first and second order approximations with
n

_ _ 2n
p, = }772 and Py = 7(2@2).

This test was conducted with n =4 and m = 5. The results
of this test are given in Table 2. As can be seen, the effect

is greatest when the mean is 0, and decreases as the mean

tecomes larger, which is what would be expected.
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TABLE 2. 95 PCT CI COVERAGE, MULTIPLE SUBSYSTEMS
SIGMA MU FIRST ORDER | SECOND ORDER
CI CI
100 =160 270 0 92.4 97.6
~-160 400 -480 0
270 -480 900 0
5 91.4 94.8
10
20
25 89.4 92.2
50
80
50 92.6 94.4
150
200

To test the sensitivity of the second order variance
approximation procedure to the assumption that the detonations
are normally distributed, tests were conducted in which random

vectors were drawn from a mixed normal distribution. The test

is conducted in the following manner:

- Prior to each sample obtain random variable p from
U@©,1) distribution.

- If p is 1less than
N(u,X) and proceed.

- 1if p is greater than .98 then draw a sample from
Mp.,10+*Z) and proceed.

- Continue until 30 samples have been drawn,
compute all values and proceed as above.

.98 then draw a sample from

then

This procedure simulates a distribution with the same mean
but larger tails than the normal distribution. The confidence
interval coverages are then compared to those obtained in the
base case from the same input distribution. The results of

this test are summarized in Table 3.
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TABLE 3.

95 PCT CI COVERAGE, MIXED DISTRIBUTION

SIGMA MU FIRST ORDER | SECOND ORDER
cI cI
1.0 0.8 0.9 0 86.6 87.6
0.8 1.0 0.8 0
0.9 0.8 1.0 0
1.0 91.2 91.8
1.2
0.8
100 -160 270 0 88.2 88.4
-160 400 -480 0
270 =480 900 0
100 91.5 92.4
250
500
10,000 3,000 2,000 0 79.3 80.4
3,000 10,000 3,000 0
2,000 3,000 10,000 0
8,000 85.6 86.2
10,000
12,000
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IV. CONCLUSIONS

Examination of the results in Table 1 shows that the
second order approximation procedure provides a slight
improvement in the 95% confidence interval coverage. The real
utility of this method is brought out by the results of the
multiple subsystem test shown in Table 2, where confidence
interval coverage improves by as much as 5%. Since this case
represents the actual situation in missile testing (i.e. very
small mean and independent system observations) it is
reasonable to state that use of this procedure will improve
the estimate of the variance in SEP. Furthermore it seems
highly unlikely that there would be any advantage to be gained
by pursuing a higher order estimate of the variance of SEP.

The mixed distribution test shows that the second order
approximation is only slightly more robust than the first
order approximation if the distribution is actually from a
mixed and not a true normal. It also indicates that if the
variance is extremely large then the affect of the mixing is
greater than for the smaller values and that only a few
extreme values are required to greatly reduce the confidence

interval for the estimate.
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APPENDIX A

In order to derive the equation for the second order
approximation for variance of SEP (equation (1)) we start by
noting that the second order Taylor Series Expression for the

SEP function is given by (ignoring the remainder term):

SERRX) = SERA)+[D, ySERM)|TAA +%A17[Df, £ SER()]AA

where A, D, ;SEP, and D} ySEP are defined in the text, % is the

vector consisting of the maximum likelihood estimators for

each element of A and AA = A-A. Our goal then is to find an

approximation for the variance of SEP(A). Because SEP(4) is

asymptotically unbiased and the mean square error

E(SERRX)-SERA)?] = Var(SERX)+ESERA)]-SERA)?,

we can get this approximation by looking at E[SEP(A)-SEP(A)]2.
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Applying the tensor identity ABC = A®CTB to the last term

and then transposing we can write the second order Taylor

equation as:

SERX)-SERA) = [Du,zSE'P(A)]TAA+%(Al7®A/\7)[D2 2 SERA)]

= [D, g SERA)]TA A+ %[D,f 2SERM)| (AA®AA)

Now we note that since HA&) = A it follows that HAA) = 0.

If we square each side and take the expected value we see

that:

ESeAR)-SERM = [Dy,psSERA)|"ELAAAAT]D, $.SERA)]

+ 2107 1,SERL)|"EAABALYAAAN) D7 1. SERN)

In order to evaluate E(AA®AAYAA®AL)T] we note that

var(AA®AL) = 2(SR) (POP) (SR)T [Ref. 7:p. 44] where the matrix

SR has the following qualities [Ref. 7: pp. 32-38]:
~ SR is symmetric

-~ (SR) (SR) = SR
- 2(SR)(By) = uRv+ Ay

27




for example, if u and v are of dimension 2 then

1 0 0 o]
o =2 1o
2 2
sR=| .
o £ 1o
2 2
0 0 0 1

Then since,

HAADALMAARAL)T] = var(AAQAL)+EAAQAABRAARAL)T

and

ALALT = AARAAL

H

if we define P to be EAAALT)

var(AA) we see that

var(AAQA L)+ EAASAVNEAARALMT = 2SRPIP(SR)T+P PT

2(SR) (POPY(SR)+P PT.
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Since D} SEP is a symmetric matrix it follows that

(SR\DZ 3 SEP = D ;SEP and we see that:

HSERX)-SERM = [D, g SERA)TAD, 3 SEPR)]
+%[D2 xSEgA.)] TP®F{D,2, zSEﬂl.)]
+%[D|2| zSE_PgA)]TB D; zSERM)],

which in turn is approximately equal to the variance of
SEP(AX).

Finally, since I is a 3x3 symmetric matrix, we need only
describe the unique terms (which we have denoted by ZIvY) to

arrive at the -_cond order equation for SEP given by equation

(1) .
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APPENDIX B

A. APPROACH

It is seen that each of the 12 W; functions consists of

a double integral of cos and sin functions multiplied by the
function g(RsinBcosé, RsinBsing, RcosB). Each of the required
derivatives carries through the integrals, so that we need to
evaluate each in respect to the function g.

We will first evaluate each of the partials of g, and then

carry these through to the functions W;.

Recall,

AR, 0,0) = exp{-%[(Rsinecostb-ul)zo“

+ 2(RsinBcosd-p,)(RsinfBsing-p, )02
+ 2(Rsinfcosd-p )(RcosO-p,)0"?

+ (RsinBsing-p,)?a??

+ 2(Rsin@sin¢-,)(RcosO-p,)0??

+ (RcosB-py)*e}.

30




If we define the vectors A,, 4,, A; and A, by:

sin%@cos?¢p
2sin%6cos¢sing
2sinBcosbecosd
sin%@sin?¢
2sinBcosBsiné
cos®0

sinBcosép,
sinBsin¢p,+sinbcosody,
cosBp,+sinbcosdp,
4 sinBsindpy,
cosOp,+sinbsindy,

cosOy, ]
A, = [l 2p,p, 21,1, B3 28,0, BT

Rsinfcos¢-p,
A, = RsinBsin¢-p,|,
RcosO-u,
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Then treating R as an independent parameter and taking the

partial with respect to R we have:

%% = -g{olﬂRsinzﬁcosz¢-plsinﬂcos¢)
+0'}2Rsin*0cosdsind-p,sinbsind-p,sinbcosd)
+0'*2RsinBcosbcosd-p,cosB-p,sinbcosd)
+0?*(Rsin’05in’¢p-pu,sinBsing)
+62’(2RsinBsingcosB-p,cos0-p,sinbsing)

+03*(Rcos?0-p,cos6)}

= (ZHYRA -4,

Similarly, we derive:

éﬁi = g{o!YRsinBcos¢-u,)+0*Rsinbsind-u,)+0*(RcosB-u,)}

- g'{[o“ ol? 013]A4}

99 = g{o!¥RsinBcos¢-p,)+0?*(Rsinbsind-u,)+0**(Rcosb-u,)}

oH,
= g'{[o” 022 023]A4}
;f = g{o’(RsinBcosdp-u,)+0?’(RsinBsing-u,)+0’ (RcosB-u,)}
3 T

- g.{013 g23 033]A4}
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In order to derive the partials with respect to sigma we

will first generate the partials

with respect to o,;.

oll
0 _gliglt
0o,,
a _2011012
00 ,,
0 —2gligl?
06 ,,
0 O35 olig2?
P

8022 q

20
aa 223 2gl1g23
033 q
0 22 _g11433
00, q“

These values

g12

_012011

-0
;33 -2012g12

qg

o
223 -2g12g13

q

_012022

o
123 _2012023
q
-o
12 _glzg33
q‘

23

g -
d “023 _ 23,11
— 90
00, q
g
d 13 _5g23g12
8012 q
c
aa 12 5 g23g13
Oy3 of
d —g23g22
do,,
-
aa ;1 ~2¢23g23
O3, q
d
. —g23g??
O35

33

doid

do,,

and the partials of-%

are given below.

gl3 g22
—gl3glt 33 _g22g1l
q?
223 —2¢gl3gl2 -2g22gl2
q
20 .
22 -2gl3gl? 213 2g22gl3
q q
;3 —gl3g22 —g22g22
q
_122 -2g13g23 _2g22g23
q
—_gl3g33 11 _ 422433
q?
g33 g
o -gi!
2’2 _033011
q* 2q
20 ~gl2
212 2033012
q q
—al3
—2g31g12 g
q
o 22
11 _ 533522 g
q? 2q
23
-0
_2033023
q
33
~033g?3 -g
2g




We can now use these values to find the desired partials:

ag = . i 1 - 2{ 1132
30, g{ 2[(R51n6cosd) H,)%(0h)

+2(RsinBcosd-u, RsinBsin¢-p,)ot2e™?

X
*+2(RsinBcosd-p,)(RcosB-p )ot3glt

o
+(RsinBSin¢—p2)2(0220u— —%‘?)
q

+2(RSineSind)-p2)(Rcose_p )(023011+ 023)

q?
oll
2

= g'{%[olle(E “1)ua -2R0MHEY)¥A, +0 (T ) UA:!]

o
+(Rcose—p3)2(o33o“-—2§)
q

033 0Op3 ~0,
2
a® g* q

+ [o 00 [R2A1-2RA2+A3]}

-0 11
= g<1 (T 144f0 o o 313 923 703 [R2A,-2RA,+A ]_0_
2 q* q* q° 2

Following this same methodology it is easy to see that:

dg =g 012(2-1)u+0 033: —0,, 0 ~033 Oy, [RZAI—ZRAZ*'AB]—OIZ
00, 2g* 2g*  2¢* q*

9g =g 013(2‘1)“+(o %2 92 %1 9 o][R2A ~2RA;+4,]-0%?
2g® 2g* g* 2g°

2(z-yu +( 293 5 %13 00 —-—og—)][R?A -2RA, +A }
q

0g _ 41
00,, g{2

g? q? ]
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dg . g o2} (L 1)U+ %23 %3 %2 45 %u [R24,-2RA,+A,]~02
90, g* 2g* 2g°? 2qg?

og _ 11| _33ys-1u,[ %22 912 013 2a _ _o*
5o g{_z.o (Z-1)4+ gl 0 e 0 0|[R?A,-2RA,+A,] >

We are now able to calculate each of the partials of theWw,;

by simply computing the effects of the four A vectors on the
original W functions and applying the formulas derived on the
previous pages. We will carry through the complete derivation

for W, and then show the solutions for the other cases. Since
the vector A, does not involve trigonometric functions, it

will not be necessary to compute any partials for it.
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B. PARTIALS OF W1l

174

the integrals of gA will yielad:

fozxfon cosBcosdga, = f:"fo“g-

Cci,1,3,1'

2(5¢

531,1,1,2"

fz‘"f"cosf)cosd)g-A2
0 Q

0

36

.1.2,1°
CC1,1,1,17CCy,1,1,17CC1,1,3,1%CCy 1,31

2% px
L = CCLy 4, = fo fo cosbcosdgR,0,¢9)dBdd so we can see that

sin%BcosBcosp
2sin?BcosBcos?$psing

2sinBcos?06cos?p
sin?BcosBcosPpsin?é
2sinBcos?Osindcosd

cc

SS

sinBcosBcosdsindp, +sinBcosbecosip,

fzﬂf,g. cos®6cosép, +sinBcosBeos?dhp,
0

cos?Bcosdp,+sinbBcosBcosdpsindy,

2Ry 8C 5,01 ]
B1551,2,1,2%2B25C) 5,21
4R1CC 1,1,1%2135C) 5,21

H2S55: . 2,1.2
AR,CC,1,1,1%R355) 51,2

4u,CC 1

3,1,3,1
2(CS1,1,1,17C85,1,1,17CS1,1,3,1%CS,

SC

3,1,1,2
CR:S,I,I,I

{ cos’Bcosd

.1,3,1)

3,1,2,1)

sinBcosBcos?pu, W

sinfcosfcosdsindy,

cos?Bcosdp,




RsinBcosBcos?dp-cosbcosp,
fZRfﬂcosecoscbg-Aq = fzxf'g RsinBcosBcos¢dsind-cosBcosdyp,
0 0 o] [0

Rcos?Ocosd-cosbcosdp,
-§sin20c052¢—plcosﬁcos¢

= -§sin26sin2¢—p2cosﬁcos¢

Rcos?Bcosd-p,cosbecosd |

28Cy,,,2,1R-4B,CC 1,11
% SSy,2,1,2R741,CC, 1,11
4CC, 1,1,1R-41:CC 4,11

For future use, we point out that the partials of A, andi,

involve only 3 distinct trigonometric terms, which we will

define by:

, = sinBcosé
sinBsind

to
1

[
n

cosH

Lo
]

then we see that

AT

B,k *Bi kK,

Byp;*+B M,
Bk,

Byu,+B, B,
Byu,
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and

Thus, we need only compute the effects of A, and B on each

of the 12 W functions to obtain the desired partials.

C. PARTIALS OF W2

2n px
Wy, =CCy 44, = fo fo cos3BcosdpgR,0,¢$)d0dd so the partials are
given by:

sin%6cos36cos’¢
28in?0cos30cos?psing
2sin@cosBcos3bcos?d
sin?6cos30sin?¢pcosd
2sinBcosBcos3B8sindcosd
[ cos*6cos30cosé

cos30cosdA, =

2CCl,3,3,1—CC1,5,3,1—CC1,1,3,1

2(2CS5),3,1,17C51,5,1,17CS1,1,1,172CS1,3,3,1%CS1,5,3,1%CSy 1,3.9)
2(5C5,2,175C 1,2.1)

2CCy,3,,,17CC 5,1,17CCL,1,1,172CC, 5,3,34CC 5,3,14CC 1,31
551,5,1,27551,1,1,2

CCl,S,l,1+2CC1,3,1,1+CCI,1.1,1 J

e
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sin@cos3fcos?d 2(SCy,4,2,175Cs,2,2,1)
cos368cosdB = |{sinBcos30cosdsing| = —i— SS),4,1.27551,2,1.2
cosBcos3Bcosd 2(CCy 4,1,1*CCy 5.1.1)

D. PARTIALS OF W3

Wy, =CS; 1411 = f:'fo'cosﬂsind)g(}?,6,¢)d6d¢ so the partials are

given by:

[ sin%0cosBcos?Ppsing |
2sin%6cosBcosdsin?¢
. 28inBcos?0cosdsind
cosBsingi, = . ‘
sin%6cosBsin3¢
2sinBcos?0sin?¢

cos?6sing

r 1

Csx,1,1,1_C53,1,1,1_C51,1,3,1+C53,1,3,1
2(CCy,1,1,17CCL,1,3,17CCy 1,1,1%CC5,1,3,1)
551,1.1.27555.,1.1.2
€S81,1,3.17C6S3,1,31
2(551,1,2,17553,1,2,1)

CS}.I.l.l
sinBcosBecosdsing SSy,2,1.2
cosOsindB = sinBcosBsin?¢ = %2551,2,2,1
cos?®siné 4CS; 1,11
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E. PARTIALS OF W4

W,=CS, 5,,*= f:'fo”coswsind)g(}?,6,¢)d6d¢ so the partials

are given by:

( sin?@cos30cos?psing |
2sin?@cos3fcospsin?d .
cos305inda, Zsinﬁc.:osecos39c.os¢sin¢
sin%6cos30sin’¢
2sinBcosBcos3Bsin?g
] cos?*6cos3fsind
[ 2651,3,1,1‘2C51,3,3,1_C51,5,1,1+C51,5,3,1'C51,1,1.1+C51,1,3,1 ]
2(2CCy 5,1,,72CC) 3,3,,7CC, 5,1,1*CC, 5,3,,=CCy 1 1,,+CCy 1 5.4)
_ 1 55,,5,1,27551,1,1,2
4 2C51,3,3.1'C51,5,3,1'C51,1,3,1
2(551,5,2,17551,1,2,1)
CS1,5,1,1%2CS1 3,1,1*CS1 1,11
sinBcos308cosdsing SS51,4,1,275S51,2,1,2
cos30singB = | sinBcos3Bsin?$ | = —12(551,4,2,1"551,2,2,1)
cosBcosiBsing 2(CS;,4.1.1%CS, ,.1.1)
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F. PARTIALS OF W5

W. = SC 1400 = f:"foxsinﬂg(R,G,d))oﬂdtb so the partials are

given by:

[ sin®@cos?¢

2sin’6cosdsing

2sin%0cosBcosd
sin*@sin?¢

2s5in%6cosBsing

| cos?6sinb

sinBA, =

SCy 4,21 w
S531,1.2
2(CCy,1,1,17CC 1,100)
SS53,1,2.1
2(C51,1,1,1—C53,1,1,1)

SC1.1,0,0—5C3,1,0,0 ]

L

sin%6cos¢ 25C; 1,11

. ) , 1
sinfB = |sin?Bsing| = > 255;,1,1.1
sinBcosh SCi 5,00

41




G. PARTIALS OF W6

2 . .
We = SC, 500 = fo "f0'51n269(R,6,¢)cﬁd¢ so the partials are

given by:

sin®0sin26cos?¢
2sin%0sin26cos¢dsind
2sinfsin268cosBcosd

sin?8sin26sin?¢
2s8inBsin26cosBsing

sin26A, =

cos?6sin20

2SC1,2,2,1‘SC1,4,2,1
258),2,1.27551,4,1,2
2(CC1,2,1,17CC1,4,1,1%25C5 1,1,1)
2551,2,2,17551,4,2.1
2(CSy,2,1,17C51,4,1,1%255;,1,1,1)
25C,3,0.0*5C1 4,00

N

L

sinBsin2Bcos¢ CCy,1,1,17CC 3,11
$in20B = |sinBsin2@sing| = llcsl,l,l,l—csl,3,1,1

i 2
sin26cosH 5Cy,3,0,0v5C; 10,0
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H. PARTIALS OF W7

2 x .
W, =SC 34,0 = fo "fo sin30g(R,0,¢)0dp so the partials are

given by:

[ sin®0sin30cos?¢

2sin®Bsin3Bcosdsing

2s8inBsin30cosbcosd
sin?6sin36sin?¢

2sinBsin36cosBsing

sin30A4, =

| cos?Bsin36

'25C1,3,2,1_SC1,1,2,1_SC1,5,2,1.
2551,3,1,27551,1,1,275515,1,2
2(CCy,1,1,17CC s,1,1)
2585 ,3,2,17551,1,2,17551,5,2.1
2(€S;,1,1,17C81,5,1,1)

1SC1,5,0,0%25C) 3,0,0*5C 1,0, 0]

sin®sin3Bcosd CC,2,1,17CC 4,11
sin36B = |sinBsin3Bsing| = %051,2,1,1-6’51,4,1,1
sin36cosH 5C;.4.0.0%SC1 2 0.0
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I. PARTIALS OF W8

Weg =SC, 11,4 = foz“foxsinzﬁcosdJQ(R,0,¢)d6d¢ so

given by:

sin?@cosda, =

ol

sin3@cos?¢
sin“Bcos¢B = [sin®@sindcosd| = —;— SS3,1,1.2

sin2@cosBcoséd 2(CC,1,1,,-C

16(S5,,1,1,17554,1,3.1)
2(25C; 3,2,175C ,4,2,1)
8(5Ce,1,2.175C¢,1,3,1)
255),2,1,27551,4,1,2
L 8(5C;,1,1.175C

sin‘@cos?¢
2sin‘Bcos?$psind
2sin36cosBcos?¢
sin‘@sin?¢cosé
2sin’6cosBcosdpsind
{ cos?0sin?*6cosé

BSC4,1,3’1

4.1,1,1) |

44
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J. PARTIALS OF W9

Wy = SCy 1,1 = fomf:sin-"ecoszd)g(}?,6,¢)d8d¢ so the partials are

given by:
sin’0costd
2sin6cos’*dpsing
2sin*fBcosbecos?
sin®@cos?$pa, =  en ¢
sin®0sin?¢cos?¢
2sin‘@cosOcos?¢psing
cos?8sin®6cos?¢ |
[ 4S'C:l‘)’,l,4,l
SS55,1,1,4%¥2555,1,1,2
1 8(C'Cl,1,3,1_2003,1,3,1*"CC5,1,3,1)
4 4(555,1,2,17555,1,¢,1)
8(651,1,1,1"&5'1,1,3,1‘2C53,1,1,1*2C53,1,3,1+Css,1,1,1‘C55,1,3,1)
4(SC3,1,2,1"SC5,1,2,1)

sin‘@cos3¢ 85Cy,1,3.1
sin’0cos?¢B = |sin%@sindcos| = %8(554.1,1,1‘554.1,3.1)
sin’@cosBcosid 25C) 5,2,175C 4,21
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K. PARTIALS OF W10

given by:

sin’0sindA, =

sin%@sindB =

ol

sin*@sin?¢ =
sinBcosBsind

sinGsin’¢

[ 8(55¢,1,1,1755¢,1,3,1) -

16(SCy,1,1,175C,1,3.1)

2551,2.1,27551,4.,1,2
855,,1,3.1

4551,2,2,1'2551,4,2,1

L 8(552,1,1,1'354,1,1,1) J

sin’*Bcosdsingd

|
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sin®@cos?psiné }
2sin®@cosdsin?é
2sin*@cosBcospsing

2sin*0cosBsin?¢
cos®6sin’0sind |

2
Wy =585, = fo foxsinzesin¢g(R,6,¢)dBd¢ so wne partials are

553,1,1,2
2553,1,2.1

2(C51,1,1,1_C53,1,1,1)




L. PARTIALS OF W1l

Wl 1

2
=85 11,2 = fo xf:sin3ﬁsin2¢9(R,6,¢)d9d¢ so the partials

are given by:

sin®0cos?¢psin2é
2sin®6cos¢dsindsin2¢
2sin%@cosBcosdsin2é

sin®0sirn dsin2¢
2sin%Ocosbsindsin2é

sin®@sin2¢A, =

cos?0sin*0sin2¢

SS8s,1,1,6¥2555,1,1,2
2(25Cs,4,2,175GCs,1,1,475Cs,1,1.2)
4(CS1,1,1,3%CS1,1,1,172C85,1,1,372CS55 11,14 CS51,1,3%C551,1,1)
2555,1,1,27555,1,1,4
4(CCy,1,1,17CCy,1,1,372CC;5,1,1,1%2CC, 4,4 ,3%CCy 1 1,17CCs 1,1,3)
4(553,1,1,27555,1,1,2)

L

Sin“ecos(bsinZ(b] 4(554,1,1,3%554,1,1,1)
sin’@sin2¢B = sin“BsindbsinZ(bJ = %4(504,1,1,1‘504,1.1.3)

sin®@cosBsin2é 2551 ,5,1,27551,4,1.2
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M. PARTIALS OF W12

2
Wy, =855 1,1 = fo 'f;sin3esin2¢g(R,6,¢)d6d¢ so the partials
are given by:

sin®0cos?psin?¢
2sin®Bcosésin3é
2sin‘@cosOcosdpsin?e
sin%0sin‘¢
2sin‘BcosBsin¢
cos?06sin30sin?¢

sin’0sin?¢Aa, =

4(S55,1,2,17555,1,4,1) ]
2555,1,1.27555,1.1.4
_ 1 8(CCy,1,1,17CC,1,3,172CC5,1,1,1%2CC; 3 3,1%CC5 1,1,17CC5 4,5,4)
4 4855 1 4.1
8(051,1,3,1_2C53,1,3,1+C55,1,3,1)
4(555,1,2,17555,1,2,1)
sin%@cospsin? 8(5Cy,1,1,175C4,1,3,1)
sin®@sin?$B =| sin%@sin®é = % 855,,1,3.1
sin®*6cosOsin?¢ 25S8),5.2,17551,4.2.1
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APPENDIX C

A. PARTIALS OF U1,U2 AND U3

This step simply involves taking derivatives of

T
r_| We Wip W
(1w, W] = W, wW. 2w
S 5 5

with respect to each parameter. The results are:

ou, _ _ W
2
Ow, W
ou, 1
ow, Wy
du, Wig
ow. —
ow, W
ou, _ 1
ow, W
du, Wy
Ows 2wl
du, _ 1
ow, 2w,
= 0.

and all other partials =
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B. PARTIALS OF U4,..,U9 WRT MU

011
du, __ W 12
op 2w,
51 13
o
011
dug _ Wi o2
op Wy
013‘
011
du, oW ol
op 2w,
L013d
012
du, _ Wig| s
= o
op 2wg|
-0“3
012
dug W 022
op 2w,
023
013
du, _ W 02
op 4w,
;.033
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C. PARTIAILIS OF U4,..,U9 WRT SIGMA

To solve for these partials we use the table of partials

given in the previous section and use standard calculus rules:

1. Partials of U4

8114 = —2012U4—i[033( RW11 _ PzWe)—oza( R<W1_W2) a p.awa)]
90, q?

4w, 2w 8w, 2w,
ou, _ —5gl%y __1_-(J Rwy—W,) _ HaWs -G Rwy, _ oW
00, “ogr B 8w 2ws ) | 4wy 2w,
du, _ 622y ——l:o Riwy=wy) _ BsWg)_ (Bwy _ Biwg
oo, gl P\ 8w 2w, Pl 2w, 2w
du . [ Rw,~}, W,
4 = —20‘3u4—-.1_. 0,, W THiWe
90, g Ws
-6 Rwy; MW s Rwy,—W,) _ B3W,
Bloaw, 2w, ) A 8w, 2w,
du, _ cou. - Lo Rw;;  B,We o ( Rwy B, W,
do,, g?l A 4w, 2w, 2 2w, 2w
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2. Partials of US

du, a2y --L Rwyp,  HaWio)_ Rw,=W,) _ B3W;,
9o, ° q2L33 Ws Ws 2\ 4w, Ws
dus _ -20%y ___1_.0 (R(W3'W4) - p‘awm)_ (Rwlz _ p'sz)“
90, > g A 4w Ws 2w Wy
du, —622y.--L|g Rws~Wa) _ PsWio|_, Rwy;  BiWy
o0, o Bl 4w Wy 3 2w, W
du; _ 2623y - Rw,,-21, Wy,
dao,, 23 W,

3. Partials of U6

11
= -olly,
do,,

du,

do,

1
= _2012u6——(}—2

033( R(.WJ_WQ _ uzwe)—om( Rw, +we) P3W6]

4w, 2w 4w, 2w,
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ou, _ 20y -Llg Rwy+Ws)  BaWe
do,, ¢ gl Al 4w 2w,
Oug _ —o22y -Llg R(w, +Ws) _ B3We -5
do,, € g2l Pl 4w 2w,
oug  _ 2023y -t |o (R(Wl'wz) _ “1“’6)
3
do,, 2f 2 2w, W
e (R(WJ_W4) _ KW
13
4w 2w,
9y, = -g¥y -Llg Rwy—w,) _ B,Ws i
do ., ¢ g2l Yl 4w 2wy
4. Partials of U7
du, = —gilyg-1lg Rwy—w,) _ H3Wyg
do, T og? Pl 8w, 2w,
ou, _ 2oz -t lg Rwy; _ BiWyo .
do,, Togr Yl aws 2w
du 1 Rw,,~p,w.
307 = -20"y,-L 013( 1 - 10)
13 q 5

o

)-—o

Rw;, B,;W,
4w, 2w,

_023( )

53

012(

Rwy=w,) _ BWe
4w, 2w,

Rwy -w,)  W,W
4wy 2w,

. )

R(w7+w5) _ BaW
4w, 2w,

)
)]

y
|

Rw, -w)) B, W
dwy 2w,

Rwy, W,Wi,
2wy 2Wy

JJ
)]

o
{

Rwy-w,) ;W
8w, 2Ws

Rwy-w,) H,wy,
8w, 2w,

)J




duy, = —2g23y -t Rwy=wy) _ BaWio) Rwy, BWi,
3 0% U; = —10y, 013 Y
023 8w 2wy dw, 2w
ou, = —q33y; -1 Rwy,  BaWio)_ Rwy, _ HoWi,
3 07 U; = — |02 S 7% v
0,5, q 4w, 2w, 2W, 2wy

5. Partials of U8

dug, = —glig -_1|g Rw,+Ws)  W,W, -o Rwy-w,) W2w,
do,, 8 og? Pl 4w 2ws ) P\ 4w 2w,
duy _ —2gl2y --L|g Rwy—W,) _ B, W Rw, +Ws)  H3We
da,, 278 4w 2w, Bl awg 2w,
dug _ DI P 3 p Rwy—w,) _ B W
do, 2| B 2w Wy
-0,, R(WI—WZ) By We . R(W-,*WS) K3 We
4w 2w, 20 aw 2w,
du
£ = -0%%y,
do,,
dug _ —2023y.-Llg Rw,+w.)  B,W -0 Rw,-wy) _ B We
do,, 27 4w 2w, B 4w 2w,
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012( Rw,—ws) _ |*1W6)_on( R(Ws=W,) _ BaWs )]

4W5 2W5 4W5 2W5

6. Partials of U9

1
s T3
do,, q°

023( R wa) _ Ha¥s )"022( Rw,+Ws)  B3We )}

8wy 4ws 8wy 4w,

dus _ —2012u9-i[012( R(w, +Ws) Pa“’s)
q‘

4wy 2w,

8w, 4w,

—013( Rwy-wy) _ PaWe )_023( Rw,-w;) B, We )}

8wy 4w
ouy _ aa13, _ 1 {R(Wl_wz) B We ) Rwy-w,) M, W
3 = -20°Uy —|922 G, 8
G, q \ 8w 4w LA 4w,
ou, _ —g%%y. - 1ls Rw, -w,) I, We e Rw,+W.)  H,W
- 21713 11
do,, 2 8w, 4w, 8w, 4w,
du, = —20231_19-—1- 0., Rwy,—W,) _ BoWe -0, Rwy—W,) B, We
do,, g2 8w, 4w, 8w, 4w,
ou, - _o¥y
d0,, ®

5%




D. PARTIALS OF U4,..,U9 WRT R

du, 1

OR 8w,

(40w +20% 2w, +0 13w, - w,))

%11—?5_ ) ——:-LW—5(2011“’11+4°12W12*°13(w3-w4))
aa—l_llé5 ) '4—];,;(011(“,1_"/2)...012(”3_“,4)+013(W7+w5))
aauRj B ?lw—s(z012W11+4°22W12*°23(W3—w4))
% ) 4tv5(012(w1-wz)+022(W3‘W4)+°23(“’7”"5))
% ) 81’5(Ols(Wl‘Wz)*023(W3"W4)+°33(W7+w5))

E. PARTIALS OF U4,..,U9 WRT W

1. Partials of U4

du,  Rg!?
ow, 8w,
ou, _ _ Ro!?
ow, 8w
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ow, W
du, 1
- oliy +gl2y. +gl3
ow, Zug( By*0TH, F0 )

aWB 2W5
au4 _ R012
anl 4W5
2. Partials of US
aus _ Rol3
aW3 4W5
aus B R013
8w4 4W5
Ju
— = —j;us
A W
du
10 5
aus _ Roll
awu 2W5
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ow,,

3. Partials of U6

du, _
e

ou,
W,

ou,
Ow

du,
9w,

du,

ow,

1
2w,

du,
ow,

_(o

Roll
4w,

Roll
4w

ROIZ
4wy

ROIZ
4w

R0.13
4wy

1

—u, +
6
5

11 12 13
B, *o ‘u'2+° u3)

R013
4w,
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4.

5.

Partials of U7

ou,

ow, o

Partials of U8

ou, _ Rg??

Oow, 8w,

aU—, _ Ro?3

ow, 8w,

du
= =-ty

ow, W

1 (012p +022y +g23 )
2w, 1 p) K
au,, _ R012

ow,, 4w,

6u7 _ Ro?22

ow,, 2w,

aue _ Rol2

ow, 4w,

aue _ Rol?

ow, 4w,

aua _ Rog?22

ow, 4w,
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du, Ro?2

ow, 4wy
23

du, = -1 Ug+ Ro

Oow, Ws 4ws
ou, 1

_ 12 22 23

= -——=_(o +0 +0
ow, 2Ws( H " )

duy _ Rg??

ow, 4w

6. Partials of U9

du, _ Rgt?

ow, 8wy

du, _ _ Ro!3

ow, 8ws

ou, _ Ro??

ow, 8w

du, _  Rg??

ow, 8w
du, 1 4+ Fo?’
dw,  w, ° 8w,

] 5 >
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1, 13 23
o] +0
4w5( M
aU9 Ro33
ow, 8w,
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* % % % % ¥ *

APPENDIX D

PROGRAM SEPCMP

PROGRAMMER : LT ARTHUR F. BROCK

DATE: 12 MAY 1991

LAST MODIFIED: 29 AUGUST 1991

PROGRAM DETERMINES FIRST AND SECOND ORDER APPROXIMATIONS TO

VARIANCE OF SEP GIVEN VALUES OF MU AND SIGMA (VARIANCE-COVARIANCE
MATRIX) AS INPUTS. OTHER INPUTS ARE PARAMETERS FOR USE IN THE
IMSL SUBROUTINE QTWODQ USED TO PERFORM GAUSSIAN QUADRATURE
EVALUATION OF DOUBLE INTEGRALS.

INCLUDE 'COM DEF'
INCLUDE 'WVEC DEF!
INCLUDE 'PMUCOM DEF*
INTEGER 1,0T1,0T2,SAMPSZ,K
REAL DT1(10,9),DT2(22,10),DT3(9,22),SEPM(T,9),PMU(3,3),PSIG(6,6)
c ,SEPMU(3),SEPSIG(6),C1(2),MPT(3,3)
CALL INIT(SAMPSZ,MPT)
WRITE(16,51) R,NUMTR
WRITE(16,52)(MU(1),1=1,3)
DO 20 1=1,3
WRITE(16,53)(MSIG(T,d),d=1,3)
20 CONTINUE
071=0
07220
DO 10 I=1,SAMPSZ
CALL INIT2(MPT)
CALL WVALS
CALL DT1VAL(DT1,SEPMU,SEPSIG)
CALL DT2VAL(DT2)
CALL DT3VAL(DT3)
CALL SEPEST(DT1,DT2,DT3,SEPM)
CALL PMUS(MSIG,PMU,PSIG)
CALL BNDEST(SEPM,PMU,PSIG,SEPMU,SEPSIG,CI)
1F(SEPSET .LT. (R-CI(1)) .OR. SEPSET .GT. (R+CI(1))) THEN
0T1=0T1+1
1F(SEPSET .LT.(R-CI(2)).OR. SEPSET .GT.(R+CI(2))) THEN
0T220T2+1
ENDIF
ENDIF
PRINT*,*1 = ' 1,REAL(I-OT1)/REAL(1),REAL(I-OT2)/REAL(I)
WRITE(16,50) R-CI(1),R+CI1(1),0T1,R-CI(2),R+CI(2),0T2
10 CONTINUE
WRITE(16,55) SAMPSZ,REALCOT1)/REAL(SAMPSZ),REAL(OT2)/REAL(SAMPS2)
50 FORMAT(IX,2(' (',F7.2,',',F7.2,")",2X,13,2X))
S1 FORMAT(1X,'TEST FOR SEP = ',F7.2,/,1X,'SAMPLES PER TRIAL = ',12)
52 FORMAT(1X,' MU ', 7,3CF7.2,0,"),7,7.1X,
c ' SIGMA')
53 FORMAT(1X,3(F9.3,3X))
S5 FORMAT(1X,/,'SAMPLE SIZE: ',14,3X,2(F5.3,8%))
STOP
END
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SUBROUTINE INIT(SAMPSZ MPT)
INITIALIZE FILES, READ INPUT DATA AND INITIALIZE VARIABLES.

INCLUDE *COM DEF!

INCLUDE *PMUCOM DEF'

INTEGER N,SAMPSZ,RK

REAL MPT(3,3),TOL,NUMSIG(3,3)

EXTERNAL RNSET,DCHFAC
OPEN(15,FILE="/MUSIG DATA A1')
OPEN(16,FILE="'/0UTDT DATA A1')

READ(15,*) MU(1)

READ(15,%) MU(2)

READ(15,*) MU(3)

READ(15,*) SIG(1)

READ(15,*) SIG(2)

READ(15,*) SIG(3)

READ(15,*) SIG(4)

READ(15,*%) SIG(5)

READ(15,%) SIG(6)

READ(15,%) ERRABS

READ(15,*) ERRREL

READ(15,*%) IRULE

READ(15,*) NUMTR

READ(15,*) SAMPSZ

READ15,*) ISEED

READ(15,*) NUMSIM

CALL RNSET(ISEED+INT(MU(1)+S1G(1)))
DET=SIG(1)*(S1G(4)I*SIG(E) - (SIG(5)**2))-SIG()*(SIG(2)*SIG(6)
c -SI1G(3)*SI1G(5))+SIG(3)*(SIG(2I*SIG(5)-SI1G(3)*SIG(4))
IF (DET ..E. 0.0000000001) THEN

WRITE(16,50) DET
STOP

ENDLF

SIGINV(1)=(SIG(4)*SIG(6)- (SIG(5)**2))/DET
SIGINV(2)=(SIG(3)*S1G(5)-SIG(2)*S1G(6))/DET
SIGINV(3)=(SIG(2)*SIG(5)-SIG(3)*SIG(4))/DET
SIGINV(4)=(SIG(1)*SIG(6)- (SIG(3)**2))/DET
SIGINV(5)=(S1G(3)*S1G(2)-SIG(1)*SIG(5))/DET
SIGINV(6)=(SIG(1)*SIG(4)- (SIG(2)**2))/DET
DENOM=(SQRT(2.0*P1)**3)*SORT(DET)
MS1G(1,1)=S1G(1)

MSIG(1,2)=S1G(2)

MSIG(1,3)=SIG(3)

MS1G(2,1)=51G(2)

MSIG(2,2)=S1G(4)

MS1G(2,3)=S1G(5)

MS1G(3,1)=516(3)

MS1G(3,2)=SIG(5)

MS1G(3,3)=SIG(6)

CALL FINDSEP

MSIG(1,1)=SI1G(1)/NUMSIM
MSIG(1,2)=S1G(2)/NUMSIM
MSIG(1,3)=SIG(3)/NUMSIM
MS1G(2,1)=S1G(2)/NUMSIM
MSI1G(2,2)=S1G(4)/NUMSIM
MS1G(2,3)=SI1G(5)/NUMSTM
MS1G(3,1)=S1G(3)/NUMSIM
MS1G(3,2)=S1G(S)/NUMSIM
MS1G(3,3)=SI1C/6)/NUMSIM
TOL=100.0*DMACH(4 )

CALL DCHFAC(3,MSIG,3,TOL,RK,MPT,3)

CALL SETDAT

CALL MAKES

FORMAT (1X, *TLLEGAL INPUT MATRIX, DETERMINANT = ' FB8.5,' PROGRAM',
c * TERMINATED.')

RETURN

END
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SUBROUTINE INIT2(MPT)
INITIALIZE VALUES USED EACH TIME THROUGH LOOP.

REAL MPT(3,3),TMU(3),TSIG(6)
INCLUDE 'COM DEF'
INCLUDE *PMUCOM DEF*
CONTINUE
$16(1)=0.0
$16¢2)=0.0
$16¢3)=0.0
SI1G(4)=0.0
$16(5)=0.0
$16¢6)=0.0 .
MU(1)=0.0
MU(2)=0.0
MU(3)=0.0
DO 15 I=1,INT(NUMSIM) :
CALL TRIALS(NUMTR,MPT,TMU,TSIG)
SIGC1)=SIG(1)+TSIG(1)
SIG(2)=S1G(2)+TSIG(2)
S16¢3)=S1G(3)+TSIG(3)
S1G(4)=SiG(4)+TSIG(4)
S1G(5)=S1G(5)+TSI1G(5)
SI1G(6)=SI1G(6)+TSIG(6)
MUCTI=MUC1)+TMUCT)
MU(2)=MU(2)+TMU(2)
MU(3)=MU(3)+TMU(3)
CONT INUE
MSIG(1,1)=S1G(1)
MSIG(1,2)=S1G(2)
MSIG(1,3)=S1G(3)
MSI1G(2,1)=S1G(2)
MSIG(2,2)=S1G(4)
MSIG(2,3)=SIG(5)
MSIG(3,1)=S1G(3)
MSIG(3,2)=S1G(5)
MSIG(3,3)=S1G(6)
DET=SIG(1)I*(SIG(4I*SIG(E) - (SIG(5)**2))-SIG(2)*(SIG(2)*SIG(6)
~S1G(3)*SIG(5))+SIG(3)*(SIG(2)*SIG(5)-SIG(3)*SIG(4))
IF (DET .GY. 0.00000000001) GOTO 30
GOTO 20
CONT INUE

SIGINV(1)=(SIG(4)*SIG(6)-
SIGINV(2)=(S1G(3)*SI1G(5)-
SIGINV(3)=(SIG(2)*SIG(5)-
SIGINV(4)=(SIG(1)*SIG(6)-
SIGINV(S)=(SIG(3)*SIG(2)-
SIGINV(6)=(S1G(1)*SIG(4)-

(S1G(5)**2))/DET
SIG(2)*SIG(6))/DET
SIG(3)*SI1G(4))/DET
(SIG(3)**2))/DET
SIGC1)*SIG(5))/DET
(SIG(2)**2))/DET

DENOM=(SQRT(2.0*P1)**3)*SQRT(DET)

CALL FINDSEP
RETURN
END

SUBROUTINE MXTMLT(M1,M2,ANS,1,J,K)

PERFORMS MATRIX MULTIPLICATION M1(I,J)*M2(J,K) TO PRODUCE

QUTPUT MATRIX ANS(!,K)

INTEGER L,ROW,COL,1,4,K
REAL M1(1,J),M2(J,K),ANS(
00 10 ROW=1,]

00 20 CoL=1,K

ANS(ROW, COL)=0.0

CONTINUE
CONT INUE
00 30 ROW=1,1

1,K)
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40
30
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DO 40 coL=1,K
DO 50 t=1,J
ANS(ROW, COL )=ANS(ROW, COL )+M1(ROW, L )*M2(L,COL)
CONTINUE
CONTINUE
CONTINUE
RETURN
END

SUBROUTINE SEPEST(DT1,DT2,DT3,SEPM)
PRODUCES THE 9 BY 9 MATRIX OF PARTIALS OF SEP

INCLUDE ‘COM DEF'

REAL DT1(10,9),0T2(22,10),D073(9,22),SEPM(9,9),TEMP(22,9)
CALL MXTMLT(DTZ2,DT1,TEMP,22,10,9)

CALL MXTMLT(DT3,TEMP,SEPM,9,22,9)

RETURN

END

SUBROUTINE SETDAT

SETS THE INPUT VALUES OF MU, SIG AND SEP TO BE HELD CONSTANT
THROUGHOUT THE LOOPS OF THE PROGRAM.

INCLUDE 'COM DEF’

INCLUDE 'PMUCOM DEF’

INTEGER 1,J

0010 1=1,3
MUSET(1)=MUC1)

CONT INUE

SEPSET=R

RETURN

END

SUBROUTINE TRIALS(N,MPT,TMU,TSIG)

DRAWS N RANDOM SAMPLES FROM NORMAL(MU,SIGMA) AND DETERMINES
ESTIMATES FOR MU AND SIGMA BASED ON THESE SAMPLES.

INCLUDE 'COM DEF!
INCLUDE 'PMUCOM DEF'
INTEGER I,N,J
REAL MPT(3,3),RVAR(50,3),RSQ(50,3),RMLT(50,3),RMN(6),0P(3)
c ,NUMFAC, TSIG(6), TMU(3)
EXTERNAL DRNMVN,RNSET,DMACH,DRNUNF
Do 10 1=1,N
CALL DRNMVN(1,3,MPT,3,0P,1)
RVAR(1,1)=0P(1)+MUSET(1)/NUMSIM
RVAR(1,2)=0P(2)+MUSET (2)/NUMSIM
RVAR(1,3)=0P(3)+MUSET(3)/NUMS M
RSQ(1,1)=RVAR(I, 1)**2
RSQ(1,2)=RVAR(I,2)**2
RSO(I,3)=RVAR(I,3)**2
RMLT(I, 1)=RVARCI, 1)*RVAR(I,2)
RMLT(1,2)=RVAR(I, 1)*RVAR(I,3)
RMLT(1,3)=RVAR(I,2)*RVAR(1,3)
CONT INUE
TMUC1)=FMN(RVAR, 1,N)
TMU(2)=FMN(RVAR, 2 N)
TMU(3)=FMN(RVAR,3,N)
RMN(1)=FMN(RSQ,1,N)
RMN(2)=FMN(RSQ,2,N)
RMN(3)=FMN(RSQ,3,N)
RMN(4)=FMNCRMLT, 1,N)

65




10

OO0O0O0O00O00

RMN(S)=FMN(RMLT,2,N)
RMN(6)=FMN(RMLT ,3,N)

NUMFAC=1.0

TSIGC1)I=S(RMN(1) -TMU(1)**2)*NUMFAC
TSIG(2)=(RMN(4)-TMU(1)*TMU(2) )*NUMFAC
TSIG(3)=(RMN(5)- TMUC1)*TMU(3) )*NUMFAC
TSIG(4)=(RMN(2) - TMU(2)**2)*NUMFAC
TSIG(S)=(RMN(6)-TMU(2)*TMU(3) )*NUMFAC
TSIG(6)=CRMN(3) - TMU(3)**2)*NUMFAC
RETURN

END

REAL FUNCTION FMN(VEC,COL,N)
DETERMINES THE MEAN OF N ITEMS IN COLUMN COL OF VECTOR VEC

INTEGER 1,N,COL

REAL VEC(50,3),TOT

107=0.0

00 10 1=1,N
TOT=TOT+VEC(1,COL)

CONTINUE

FMN=TOT/REAL (N)

RETURN

END

REAL FUNCTION G(X)
REAL X

6=0.0

RETURN

END

REAL FUNCTION H(X)
REAL X

H=6.2831854

RETURN

END

SUBROUT INE WVALS

DETERMINES VALUES OF W, CC, CS, SC AND SS FUNCTIONS USING THE
IMSL SUBROUTINE QTwODQ.

REAL G,H,H1,H2,ERREST

INCLUDE 'COM DEF'

INCLUDE 'WVEC DEF'

EXTERNAL G,H,DTWODQ,CC1111,CC1311,CC3111,€51111,C81311,C53111,
$C1100,5C1200,SC1300,5C2111,8C3121,552111,883112, 853121,
€C1113,cc1131,€C1211,€C1331,CC1411,6C1511,CC1531,€C2111,
€C3113,Cc3131,0C5111,CC5113,€C5131,€51113,€81131,€81211,
€S1331,C51411,€51511,C51531,€52111,€53113,C53131,€85111,
€S5113,€55131,5C1121,8C1212,5C1221,5C1321,5C1400,8C14612,
$C1421,5€1500,5€1521,SC3100,5C4111,5C4113,8€4731,5C5112,
SC5114,5€5121,5C5141,851112,851121,$51212,851221,$51312,
$S1321,551412,551421,551512,551521,554111,554113,854 131,
$85112,585114,855121, 555141

B=p1

CALL DTWODQ (CC1111,A,B,G,H,ERRABS,ERRREL, IRULE,W( 1), ERREST)

CALL DTWODQ (CC1311,A,B,G,H,ERRABS,ERRREL, IRULE,W(2),ERREST)
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,ERRABS, ERRREL , IRULE ,W(3),ERREST)
,ERRABS, ERRREL , IRULE ,W(4 ), ERREST)
,ERRABS ,ERRREL , IRULE ,W(5) ,ERREST)
,ERRABS , ERRREL , IRULE ,W(6) ,ERREST)
,ERRABS ,ERRREL , IRULE ,W(7),ERREST)
,ERRABS, ERRREL, IRULE,,W(8) ERREST)
,ERRABS , ERRREL, IRULE,W(9) ERREST)
,ERRABS, ERRREL , IRULE ,W(10),ERREST)
,ERRABS , ERRREL , IRULE,W(11) ,ERREST)

,ERRABS ,ERRREL , IRULE ,W(12) ,ERREST)
ERRABS,ERRREL , IRULE,CC(1),ERREST)
,ERRABS,ERRREL , IRULE,CC(2) ,ERREST)
,ERRABS,ERRREL , IRULE,CC(3),ERREST)
,ERRABS ,ERRREL , IRULE,CC(5),ERREST)
,ERRABS ,ERRREL , IRULE,CC(6) ,ERREST)
,ERRABS,ERRREL, IRULE,CC(8) ERREST)
,ERRABS,ERRREL, IRULE,CC(9) ,ERREST)
ERRABS,ERRREL , IRULE,CC(10),ERREST)
ERRABS,ERRREL, IRULE,CC(17),ERREST)
ERRABS,ERRREL, IRULE,CC(11),ERREST)
ERRABS ,ERRREL, IRULE,CC(12),ERREST)
,ERRABS,ERRREL , IRULE,CC(14),ERREST)
ERRABS,ERRREL , IRULE,CC(15),ERREST)
ERRABS,ERRREL, IRULE,CC(16),ERREST)
ERRABS,ERRREL, IRULE,CS(1),ERREST)
ERRABS,ERRREL, IRULE,CS(2),ERREST)
ERRABS,ERRREL,XRULE,CS(3),ERREST)
,ERRABS ,ERRREL, IRULE,CS(5),ERREST)
,ERRABS,ERRREL, IRULE,CS(6) ,ERREST)
ERRABS,ERRREL , IRULE ,CS(8) ,ERREST)
L ERRABS,ERRREL, IRULE,CS(9) ,ERREST)
ERRABS,ERRREL, IRULE,CS(10) ,ERREST)
ERRABS,ERRREL, IRULE,CS(17),ERREST)
ERRABS,ERRREL, IRULE,CS(18),ERREST)
ERRABS ,ERRREL, IRULE,CS(11),ERREST)
ERRABS,ERRREL, [RULE,CS(13),ERREST)
ERRABS ERRREL, IRULE,CS(14),ERREST)
ERRABS,ERRREL , [RULE,CS(16),ERREST)
ERRABS,ERRREL , IRULE,SC(1),ERREST)
ERRABS,ERRREL, IRULE,SC(18),ERREST)
ERRABS,ERRREL, IRULE,SC(2),ERREST)
ERRABS,ERRREL, IRULE,SC(3),ERREST)
ERRABS,ERRREL, IRULE,SC(4),ERREST)
ERRABS,ERRREL , IRULE,SC(19) ,ERREST)
ERRABS,ERRREL, TRULE,SC(5),ERREST)
ERRABS ,ERRREL, IRULE,SC(6),ERREST)
ERRABS,ERRREL , IRULE,SC(7),ERREST)
ERRABS , ERRREL, IRULE,SC(9),ERREST)
ERRABS,ERRREL, IRULE,SC(10),ERREST)
ERRABS,ERRREL, IRULE,SC(11) ,ERREST)
ERRABS ,ERRREL, IRULE,SC(12),ERREST)
ERRABS,ERRREL, IRULE,SC(13),ERREST)
ERRABS ,ERRREL , IRULE,SC(14),ERREST)
ERRABS,ERRREL, IRULE,SC(15),ERREST)
ERRABS ERRREL, IRULE,SC(16),ERREST)
ERRABS,ERRREL, IRULE,SS(1),ERREST)
ERRABS,ERRREL , IRULE,SS(2) ,ERREST)
ERRABS ,ERRREL , IRULE,SS(3) ,ERREST)
ERRABS,ERRREL, IRULE,SS(4) ,ERREST)
ERRABS,ERRREL, IRULE,SS(5),ERREST)
ERRABS ,ERRREL, IRULE,SS(6),ERREST)
ERRABS ,ERRREL, IRULE,SS(7),ERREST)
ERRABS,ERRREL, IRULE,SS(8),ERREST)
ERRABS ,ERRREL, IRULE,SS(9),ERREST)
ERRABS ,ERRREL, IRULE,SS(10),ERREST)
ERRABS ,ERRREL, IRULE,SS(12),ERREST)
ERRABS,ERRREL, IRULE,SS(13),ERREST)
ERRABS ,ERRREL , IRULE,SS(14) ,ERREST)
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L 4
*
E 4

-

CALL DTWODQ (SS5112,A,8,
CALL DTWODQ (SS5114,A,8,
CALL DTWODQ (SS5121,A,8,
CALL DTWODQ (S55141,A,B,
RETURN

END

G,H,ERRABS, ERRREL , IRULE,SS(15) ,ERREST)
G,H,ERRABS, ERRREL , IRULE,$S(16),ERREST)
G,H,
G,H,

SUBROUTINE FINDSEP

BASED ON PL-1 PROGRAM RAP, PRODUCES SEP BASED ON MU AND SIGMA
FINDSEP DIAGONALIZES SIGMA BASED ON EIGENVALUES AND THEN CALLS
SUBROUTINE ITERATION, WHICH DETERMINES SEP

INCLUDE 'COM DEF'
REAL EIGVLS(3),EIGMAT(3,3),01(3,3),NMEAN(3),NEWSIG(3,3)
C  ,TEMP(3,3),EIGNML(3,3)
INTEGER 1,d
EXTERNAL DEVCSF
CALL DEVCSF(3,MSIG,3,EIGVLS,EIGMAT,3)
CALL ORTHG(EIGMAT,EIGNML)
0o 11 1=1,3
DO 21 4=1,3
Q1(1,4)=EIGNMLCJ, 1)
21 CONT INUE
11 CONTINUE
CALL MXTMLY(Q1,MU,NMEAN,3,3,1)
CALL MXTMLT(MSIG,EIGNML,TEMP,3,3,3)
CALL MXTMLT(Q1,TEMP,NEWSIG,3,3,3)
CALL ITERATION(NMEAN,NEWSIG)
RETURN
END

SUBROUTINE ORTHO (A1,A2)
ORTHONORMAL 12ES MATRIX OF EIGENVECTORS OF SIGMA

REAL A1(3,3),A2(3,3),L,TEMP, TEMP2
INTEGER |
L=SQRT((AT(T,1)**2)+(A1(2, N**2)+(A1(3,1)**2))
00 10 1=1,3
A2(1,1)=A1(1, /L
10 CONTINUE
TEMP=A2(1,1)*A1(1,2)+A2(2,1)*A1(2,2)+A2(3, 1H*A1(3,2)
DO 20 I1=1,3
A2(1,2)=A1(1,2)-TEMP*A2(I, 1)
20 CONTINUE
L=SQRT(A2(1,2)**2+A2(2,2)**2+A2(3,2)**2)
00 30 1=1,3
A2(1,2)=A2(1,2)/L
30 CONTINUE
TEMP=A2(1,1)*AT1(1,3)+A2(2,1)*A1(2,3)+A2(3,1)*A1(3,3)
TEMP2=A2(1,2)*A1(1,3)+A2(2,2)*A1(2,3)+A2(3,2)*A1(3,3)
DO 40 1=1,3
A2(1,3)=A1(1,3)-TEMP*A2(1,1)-TEMP2*A2(1,2)
40 CONTINUE
L=SQRT(A2(1,3)*"2+A2(2,3)**2+A2(3,3)**2)
00 50 1=1,3
A2(1,3)=A2(1,3)/L
50 CONTINUE
RETURN
END

68

ERRABS , ERRREL , IRULE,$S(17),ERREST)
ERRABS, ERRREL , IRULE,SS(18),ERREST)




SUBROUTINE I1TERATION(MEAN,SIGMA)
*  GENERATES SEP BASED ON MU AND SIGMA FOR DIAGONALIZED SIGMA

INCLUDE 'COM DEF'

INCLUDE 'SEPCOM DEF'

REAL TOL,MEAN(3),SIGMA(3,3),MOM1, TRACE(3),SQ51G(3,3),CUSIG(3,3)
o ,TEMP(3),C2,DOF ,RLOW, TPLOW,RHIGH, TPHIGH, CRATIO, INTEGRAL
C SMOM2  MOM3

T0L=0.001

CxX=1.0/SIGMA(1,1)

CYY=1.0/SIGMA(2,2)

€22=1.0/SIGMA(3,3)

CSANT=QUPI TW*SQRT (CXX*CYY*CZ2Z)

C=(CXX*(MEAN(1)**2)+CYY*(MEAN(2)**2)+CZZ*(MEAN(3)**2))/2.0

CALL MXTMLT(MEAN, MEAN,MOM1,1,3,1)

CALL MXTMLT(SIGMA,SIGMA,SQS1G,3,3,3)

CALL MXTMLT(SIGMA MEAN, TEMP,3,3,1)

CALL MXTMLT(MEAN, TEMP MOM2,1,3,1)

CALL MXTMLT(SIGMA,SQSIG,CUSIG,3,3,3)

CALL MXTMLT(SQS1G,MEAN,TEMP,3,3,1)

CALL MXTMLT(MEAN,TEMP MOM3,1,3,1)

Do 10 1=1,3

TRACE(1)=0.0
MN(1)=MEAN(])
10 CONTINUE
po 20 1=1,3
TRACE(1)=TRACE(1)+SIGMA(I, 1)
TRACE(2)=TRACE(2)+SQSIG(1,1)
TRACE(3)=TRACE(3)+CUSIG(I, 1)
20 CONTINUE

MOM1=MOM1+TRACE(1)

MOM2:=2 . 0" (TRACE(2)+2.0*MOM2)
MOM3=8.0% (TRACE(3)+3.0*MOM3)

BETA=(MOM3**2)/(MOM2**3)
DOF=8.0/BETA

€2=D0F*(1.0-(2.0/(9.0*DOF)))**3

RADIUS=SORT(ABS(SQRT (ABS(MOM2/(2.0*DOF)))*(C2-DOF )+MOM1))

RLOW=0.95*RADIUS

TPLOW=EVALT(RLOW)

40 CONTINUE
IF(TPLOW .GT. 0.5) THEN
RLOW=0,9*RLOW
TPLOW=EVALT(RLOW)

GOTO 40

ENDIF

RHIGH=1.105*RLOW

TPHIGH=EVALT(RKIGH)

50 CONTINUE
IF (TPHIGH .LT. 0.5) THEN
RHIGH=1.1*RHIGH
TPHIGH=EVALT(RHIGH)

GOTO 50

ENDIF

CRAT10=(0.5-TPLOW)/(TPHIGH - TPLOW)

RAD IUS=RLOW+ (RHIGH-RLOW)*CRATIO

ICNT=0

60 CONTINUE
ICNT=ICNT+1
IF((RHIGH-RLOW)/RHIGH .GT. TOL) THEN
INTEGRAL=EVALT(RADIUS)
1F(ABS(INTEGRAL - 0.5) .LT. TOL) GOTO 75
TFCINTEGRAL .GT. 0.5) THEN
RHIGH = RADIUS
TPHIGH=INTEGRAL
ELSE
RLOW=RAD1US
TPLOW=INTEGRAL
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ENDIF
RADIUS=RLOW+(RHIGH-RLOW)*CRATIO
IF (ICNT .GE. 150) THEN
PRINT*, *COUNT EXCEEDED®
GOTO 75
ENDIF
GOTO 60
ENDIF
75 CONTINUE
R=RADIUS
RETURN
END

REAL FUNCTION EVALT(RAD)
*  EVALUATES THE AREA COVERAGE BY TRIVARIATE NORMAL FOR INPUT R

INCLUDE 'COM DEF*
INCLUDE *SEPCOM DEF'

REAL ANS,LOWER,UPPER,RAD

EXTERNAL RAPFC3,RAPLOW,RAPUP

RAD [US=RAD

LOWER=0.0

UPPER=6,2831853

CALL DTWODQ(RAPFC3,LOMER,UPPER,RAPLOW,RAPUP, ERRABS , ERRREL , IRULE,
c ANS, ERREST)

EVALT=ANS
RETURN
END

REAL FUNCTION RAPLOW(X)
REAL X

RAPLOW=0.0

RETURN

END

REAL FUNCTION RAPUP(X)
REAL X
RAPUP=3.1415927
RETURN

END

REAL FUNCTION RAPFC3I(THETA PHI)
*  FUNCTION USED TO FIND SEP

REAL CP,SP,CT,ST,AA,SA,SAM1,BB,B2DA,ERFARG,EXPARG, THETA, PHI
INCLUDE *'COM DEF'
INCLUDE 'SEPCOM DEF!
EXTERMAL ERF
CP=COS(PHI)
CT=COS(THETA)
SP=SIN(PH])
ST=SIN(THETA)
AA=(CXX*SP*SPYCT*CT+CYY*SP*SP*ST*ST+C22*CP*CP)/2.0
SA=SQRT(AA)
SAM1=1.0/SA
BB=(CXX*MN(1)*SP*CT+CYY*MN(2)*SP*ST+CZZ*MN(3)*CP)/2.0
B2DA=BB*BB/AA
ERFARG=SA*RADIUS+SAM1*BB
EXPARG=-AA*RAD JUS*RADIUS-2.0*BB*RADIUS - B2DA
[F (EXPARG .GT. -32.0) THEN

F=ERF(ERFARG)*SAMI*(0.5+B2DA) -EXP(EXPARG)*(RADIUS-BB/AA)
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c *SQPIINV
ELSE
F=ERF(ERFARG)*SAM1*(0.5+820A)
ENDIF
ERFARG=SAM1*8B
EXPARG=-B2DA
IF (EXPARG .GT. -32.0) THEN
F=F-ERF(ERFARG)*SAM1*(0.5+B2DA)-EXP(EXPARG)*(8B/AA)*SQPIINV
ELSE
F=F-ERF(ERFARG)*SAM1*(0.5+B2DA)
ENDIF
EXPARG=82DA-C
IF (EXPARG .GT. -32.0) THEN
F=F*CSANT*EXP(EXPARG)*SP/AA
IF(F .LT. 0.000000000000001) F=0.0
ELSE
F=0.0
ENDIF
RAPFC3=F
RETURN
END

SUBROUTINE DTIVAL (DT1,SEPMU,SEPSIG)

SETS THE VALUES OF THE MATRIX DT1 AND THE VECTORS SEPMU AND
SEPSIG.

INCLUDE *COM DEF'
INCLUDE *WVEC DEF'
REAL DT1(10,9),SEPMU(3),SEPSIG(6)
INTEGER 1,J
DO 100 1=1,9
DO 200 J=1,9
IF (1 .NE. J) THEN
DTI(1,J)=0.0
ELSE
DTICI,J)=1.0
ENDIF
200 CONTINUE
100 CONTINUE
DT1(10, 1)=W(8)/W(5)
DT1¢10,2)=H(10)/W(5)
DT1¢10,3)=W(6)/(2.0*W(5))
DT1C10,4)=(R/(B.0"W(5)))*(4.O*SIGINV( 1)*W(9)+2. 0*SIGINV(2)*W(11)

c +SIGINV(3)*(W(1)-W(2)))-(W(B)/(2.0*N(5)))*
c (SIGINV(1)*MU(1)+SIGINV(2)*MU(2)+SIGINV(3)*MU(3))
DT1¢10,5)=(R/(4.0*W(5)))*(2.0*SIGINV(1)*W(11)+4 O*SIGINV(2)*W(12)
o +SIGINV(3)*(W(3)-W(4)))- (M(10)/M(5))*
o (SIGINV(1)*MU(1)+SIGINV(2)*MU(2)+SIGINV(3)*MU(3))
DT1C10,6)=(R/(4.0"W(5)))*(SIGINV(1)*(W(1)-W(2))+SIGINV(2)*(W(3)
C ~W(4))+SIGINV(3)*(W(7)+W(5)))- (W(6)/(2.0*W(5)))*
c (SIGINV(1)*MU(1)+SIGINV(2)*MU(2)+SIGINV(3)*MU(3))
DT1¢10,7)=(R/(B.0*W(5)))*(2.0*SIGINV(2)*W(11)+4 0*SIGINV(4)
c *W(12)+SIGINV(S)*(W(3) -W(4)))-(W(10)/(2.0*W(5)))*
[ (SIGINV(2)*MU(1)+SIGINV(4)*MU(2)+SIGINV(5)*MU(3))
DT1(10,8)=(R/(4.0%(5)))*(SIGINV(2)*(W(1)-W(2))+SIGINV(4)*(W(3)
c “W(6))+SIGINV(5)*(W(T)+W(5))) - (W(6)/(2.0*W(5)))*
c (SIGINV(2)*MU(1)+SIGINV(4)*MU(2)+SIGINV(5)*™™MU(3))
DT1¢10,9)=(R/(8.0*W(5)))*(SIGINV(3)*(W(1)-W(2))+SIGINV(5)*(W(3)
C “W(4))+SIGINV(EI*(W(7)+W(5))) - (W(6)/(4.0%"N(5)))*
c (SIGINV(3)*MU(1)+SIGINV(5)*MU(2)+SIGINV(6)*MU(3))
00 10 1=1,3
SEPMU(1)=0T1(10,1)

10 CONTINUE

00 20 1=1,6

SEPSIG(1)=0T1(10,1+3)
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*

20

200
100

CONTINUE
RETURN
END

SUBROUTINE DT2VAL(DT2)

SETS THE VALUES OF THE MATRIX DT2. THE VECTORS A1 AND B1 ARE
IN THIS SUBROUTINE AND THEN PASSED TO THE SUBROUTINE FIXMAT,
WHICH ACTUALLY SETS THE VALUES OF DTZ2.

INCLUDE 'COM DEF"

INCLUDE 'WVEC DEF'

REAL DT2(22,10),SIGM(3,3), TEMP(3),ANS(3),B1(3),A1(6)

INTEGER 1,J

00 100 1=1,10
DO 200 J=1,10

IF (I .NE. J) THEN
DT2¢1,4)=0.0
ELSE
pT2(1,4)=1.0
ENDIF
CONT INUE

CONTINUE

SIGM(1,1)=SIGINV(1)

SIGM(1,2)=SIGINV(2)

SIGM(1,3)=SIGINV(3)

SIGM(2, 1)=SIGINV(2)

SIGM(2,2)=SIGINV(4)

S1GM(2,3)=SIGINV(5)

SIGM(3,1)=S1GINV(3)

SIGM(3,2)=SIGINV(5)

SIGM(3,3)=SIGINV(6)

B1(1)=5€¢2)/2.0

B1(2)=55(3)/4.0

B1(3)=CC(10)

A1(1)=CC(2)-CC(12)
A1(2)=2.0%(W(3)-CSC17)-CS(2)+CS(11))
A1(3)=2.0%(SC(1)-W(9))
A1(4)=W(1)-CCC17)-CC(2)+CCC12)
A1(5)=SSC1)-W(11)

A1(6)=CC(17)

CALL FIXMAT(A1,B1,11,0T2,SI1GM)
B1¢1)=(SC(5)-8C(2))/2.0
B1(2)=(SS(7)-$58(3))/4.0
B1(3)=(CC(6)+CC(3))/2.0
A1(1)=(2.0%CC(5)-CC(P)-CC(2)) /4.0
A1(2)=(2.0*W(4)-CS(B)-W(3)-2.0%CS(5)+CS(9)+CS(2)3/2.0
A1(3)=(SC(7)-5C(1))/2.0
A1(4)=(2.0%W(2)-CC(B)-W(1)-2.0%CC(5)+CC(P)+CC(2))/4.0
A1(5)=(55(9)-55(1))/4.0
A1(6)=(CC(B)+2.0*W(2)+W(1))/4.0

CALL FIXMAT(A1,81,12,D72,SIGM)
81(1)=58(3)/4.0
B1(2)=55(4)/2.0
81(3)=CS(10)
A1C1)=W(3)-CS(17)-CS(2)+C5¢11)
A1(2)=22.0%(W(1)-CC(2)-CCC17)+CC(12))
A1(3)=8S(1)-W(11)

A1(4)=C5(2)-CSC11)
A1(5)=2.0*(SS(2)-W(12))
A1(6)=CS(17)

CALL FIXMAT(AY, BY,13,D72,S1GM)
B1(1)=(S5(7)-85(3))/4.0
B1(2)=(SS(8)-85(4))/2.0
B1¢3)=(CS(6)+£5(3))/2.0
AT(1)=(2.0%W(46)-2.0*CS(5)-CS(B)+CS(D)-W(3)+CS(2))/4.0
A1(2)=(2.0"W(2)-2.0*CC{5)-CC{8)+CC(P)-W(1)+CC(2))/2.0
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A1(3)=(S5(9)-8S(1))/4.0
A1(4)=(2.0*CS(5)-CS(9)-CS(2))/4.0
A1(5)=(55(10)-55(2))/2.0
A1(6)=(CS(8)+2.0*W(4)+W(3)) /4.0

CALL FIXMAT(A1,B1,14,D0T2,S1GM)
B1¢1)=W(8)

B1(2)=W(10)
B1(3)=W(6)/2.0

AL =W()

A1(2)=W(11)
A1(3)=2.0*(M(1}-CC(17))
A1(4)=W(12)
A1(5)=2.0%(W(3)-CS(17))
A1(6)=W(5)-SC(9)

CALL FIXMAT(A1,B81,15,DT2,S1GM)
B1¢1)=(W(1)-W(2))/2.0
B1(2)=(W(3)-W(4))/2.0
B1(3)=(W(7)+¥(5))/2.0
A1(1)=(2.0*SC(2)-SC(5))/4.0
A1(2)=(2.0%SS(3)-55(7))/4.0
A1(3)=(2.0"W(B8)+CC(3)-CC(6))/2.0
A1(4)=(2.0%SS(4)-55(8))/4.0
A1(5)=(2.0%W(10)+CS(3)-CS(6))/2.0
A1(6)=(2.0"W(6)+SC(6))/4.0

CALL FIXMAT(A1,B1,16,DT2,SI1GM)
B1(1)=(CC(3)-CC(6))/2.0
B1(2)=(CS(3)-C5(6))/2.0
B1(3)=(SC(4)*+W(6))/2.0
A1(1)=(2.0*SC(3)-SC(1)-SC(7))/4.0
A1(2)=(2.0%SS(5)-55(1)-55(9))/4.0
A1(3)=(W(1)-CC(B))/2.0
A1(4)=(2.0*SS(6)-35(2)-55(10))/4.0
A1(5)=(W(3)-CS(8))/2.0
A1(6)=(SC(6)+2.0"W(7)+W(5))/4.0

CALL FIXMAT(A1,81,17,D72,SIGM)
B1(1)=W(9)

B1(2)=W(11)/2.0
B1¢3)=W(1)-CC(17;
A1(1)=8C(12)
A1(2)=2.0%(S5(12)-55(14))
A1¢3)=(2.0*SC(2)-SC(5))/4.0
A1(4)=SC(10)-SC(12)
A1(5)=(2.0*$S(3)-55(7))/8.0
A1(6)=W(8)-SC(10)

CALL FIXMAT(21,B1,18,0T2,S1GM)

B1¢1)=SC(12)

B1¢2)=8S(12)-8S(14)

B1(¢3)=(2.0%SC(2)-5C(5))/8.0

A1(1)=SC(16)

A1(2)=(SS(16)+2.0%558(15))/4.0
A1(3)=2.0*(CC(2)-2.0*CC(12)+CC(16))

A1(4)=SS(17)-55(18)
A1(5)=2.0%(W(3)-CS(2)-2.0%CS(17)+2.0%CS(11)+CS(13)-CS(16))
A1(6)=W(9)-SC(15)

CALL FIXMAT(A1,B1,19,DT2,SIGM)
81(1)=W(11)/2.0
B1(2)=W(12)

B1(3)=W(3)-CS(1?)
A1(1)=SS(12)-85(14)
A1(2)=2.0%(SC(10)-SC(12))
A1(3)=(2.07$5(3)-55(7))/8.0
A1(4)=88(14)
A1(5)=(2.0%SS(4)-55(8))/4.0
A1(6)=W(10)-55(12)

CALL FIXMAT(A1,B1,20,0T2,SiGM)
B1¢1)=(S55¢13)+85(12))/2.0
B1(2)=(SC(10)-5C(11))/2.0
81(¢3)=(2.0"55(3)-55(7))/8.0
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A1(1)=(S5(16)+2.0%SS(15))/4.0
A1(2)=(2.0%SC(15)- °C(14)-$C(13))/2.0
A1(3)=CSC1)+W(3)-2.0%CS(18)-2.07CS(17)+CS(14)+CS(13)
AS(4)=(2.0%SS5(15)-55(16))/4.0
AT1(5)=W(1)-CC(1)-2.0%CC(17)+2.0%CC(11)+CC(14)-CC(15)
A1(6)=W(11)-55(15)

CALL FIXMAT(A1,B1,21,DT2,SIGM)
B1(1)=5C(10)-5C(12)
81(2)=55(14)
B1(3)=(2.0*S$(4)-$5(8))/8.0
A1(1)=55(17)-55(18)
A1(2)=(2.0%SS(15)-55¢16))/4.0
AT(3)=2.0*(W(1)-CC(2)-2.0*CC(17)+2.0*CC(12)+CC(14)-CC(16))
A1(4)=55(18)
A1(5)=2.0%(CS(2)-2.0%CS(11)+C5(16))
A1(6)=M(12)-55(17)

CALL FIXMAT(A1,B1,22,0T2,SIGM)

RETURN

END

SUBROUTINE FIXMAT(A1,B1,N,DT2,SIGM)

SETS THE VALUES OF DT2, GIVEN A1, B1, SIGMA INVERSE (SIGM)
AND THE ROW NUMBER TO BE SET AS [NPUTS.

INCLUDE 'WVEC DEF!

INCLUDE 'COM DEF'

REAL DT2¢22,10),S1GM(3,3),A1(6),B1(3),A2(6),A3(6),A4(3),MSUM(6)

,G(6) ,ANS(3)

INTEGER N, 1

DO 100 (=1,3
AL(1)=B1(I)*R-MUCI)*W(N-10)

CONT INUE

CALL MXTMLT(SIGM,A4 ANS,3,3. 1)

DT2(N, 1)=ANS(1)

DT2(N,2)=ANS(2)

DT2(N,3)=ANS(3)

A201)=B1(1)*Mu(Y)

A2(2)=B1(2)*MU(1)+B1(1)*MU(2)

A2(3)=B1(3)*MUC1)+B1(1)*MU(3)

A2(4)=81(2)*MU(2)

A2(5)=B1(3)*MU(2)+B1(2)*MU(3)

A2(6)=B1(3)*MU(3)

DO 200 1=1,6
MSUM(T)=R*A1(1)-A2(1)

CONT INUE

CALL MXTMLT(SIGINV MSUM ANS,1,6,1)

DT2(N,10)=-ANS(1)

A3C1)=W(N-10)*(MU(1)**2)

A3(2)=2.0*W(N-10)*MU(1)*MU(2)

A3(3)=2.0*W(N-10)*MU(1)*MU(3)

A3(4)=W(N-10)*(MU(2)**2)

A3(5)=2.0*W(N-10)*MU(2)*MU(3)

A3(6)=W(N-10)*(MU(3)**2)

DO 300 1=1,6
MSUM(1)=(R**2)*A1/1)-2.0*R*A2(1)+A3(])

CONTINUE '

GC1)=SIGINV(1)*SIGINV( )
G(2)=SIGINV(2)*SIGINV(1)
GC3)=SIGINV(3)*SIGINV(1)
G(4)=ST1GINV(4)*SIGINV(1)-SIG(6)/DET
G(5)=SIGINV(S)*SIGINV(1)+S1G(5)/DET
G(6)=SIGINV(6)*SIGINV(1)-SIG(4)/DET

CALL MXTMLT(G,MSUM ANS,1,6,1)
DT2(N,4)=(ANS(1)-W(N-10)*SIGINV(1))/2.0
GC1I=SIGINV(1)*SIGINV(2)
G(2)=SIGINV(2)*SIGINV(2)+SIG(6)/(2.0%*DET)
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G(3)=SIGINV(3)*SIGINV(2)-SIG(5)/(2.0*DET)
G(&)=SIGINV(4)*SIGINV(2)
G(S)=31GIRV(S)*SIGINV(2)-SIG(3)/(2.0*DET)
G(6)=SIG NV(6)*SIGINV(2)+SIG(2)/DET

CALL MXTMLT(G,MSUM, ANS,1,6,1)
DT2(N,5)=ANS(1)-W(N-10)*SIGINV(2)
G(1)=SIGINV(1)*SIGINV(3)
G(2)=SIGINV(2)*SIGINV(3)-SIG(5)/(2.0%*DET)
G(3)=SIGINV(3)*SIGINV(3)+SIG(4)/(2.0*DET)
G(4)=SIGINV(L)*SIGINV(3)+SIG(3)/DET
G(5)=SIGINV(5)*SIGINV(3)-SIG{2)/(2.0*DET)
G(6)=SIGINV(6)*SIGINV(3)

CALL MXTMLT(G,MSUM,ANS,1,6,1)
DT2(N,6)=ANS(1)-W(N-10)*SIGINV(3)
GC(1)=SIGINV(1)*SIGINV(4)-SIG(6)/DET
G(2)=SIGINV(2)*SIGINV(4)
G(3)=SIGINV(3)*SIGINV(4)+SIG(3)/DET
G(4)=SIGINV(4)*SIGINV(4)
G(5)=SIGINV(5)*SIGINV(4)
G(6)=SIGINV(S)*SIGINV(4)-SIG(1)/DET

CALL MXTMLT(G,MSUM,ANS,1,6,1)
DT2(N,7)=(ANS(1)-W(N-10)*SIGINV(4))/2.0
GC1)=SIGINV(1)*SIGINV(5)+SIG(5)/DET
G(2)=SIGINV(2)*SIGINV(5)-S1G6(3)/(2.0*DET)
G(3)=SIGINV(3)*SIGINV(5)-S1G(2)/(2.0*DET)
G(4)=SIGINV(&)*SIGINV(5)
G(5)=SIGINV(S)*SIGINV(5)+SIG(1)/(2.0*DET)
G(6)=SIGINV(6)*SIGINV(5)

CALL MXTMLT(G,MSUM, ANS,1,6,1)
DT2(N,8)=ANS(1)-W(N-10)*SIGINV(5)
G(1)=SIGINV(1)*SIGINV(6)-SIG(4)/DET
G(2)=SIGINV(2)*SIGINV(6)+S1G(2)/DET
G(3)=SIGINV(3)*SIGINV(S)
G(4)=SIGINV(L)*SIGINV(6)-SIG(1)/DET
G(5)=SIGINV(5)*SIGINV(6)
G(6)=SIGINV(6)*SIGINV(6)

CALL MXTMLT(G,MSUM,ANS,1,6,1)
DT2(N,9)=(ANS(1)-W(N-10)*S1GINV(6))/2.0
RETURN

E:D

SUBROUTINE DT3VAL(DT3)
SETS THE VALUES OF THE MATRIX DT3

INCLUDE 'COM DEF'
INCLUDE 'WVEC DEF'
REAL DT3(9,22),U41,U42,U43,U51,U52,U61,U62,U71,U72,U73,U81,U82,
¢ u91,uUs2,uUs3
INTEGER 1,4
DO 100 1=1,3
DO 200 J=1,22
DT3(1,4)=0.0
200 CONTINUE
100 CONTINUE
DT3(1,15)=-W(8)/(W(5)**2)
DT3(1,18)=1.0/W(5)
DT3(2,15)=-W(10)/(W(5)**2)
DT3(2,20)=1.0/W(5)
DT3(3,15)=-0.5*W(6)/(W(5)**2)
DT3(3,16)=0.5/W(5)
VLT=R* (2. 0*SIGINV(1)*W(F)+SIGINV(2)*W(11)+0.5*SIGINV(3)*(W(1)
c -W(2)))/(4.0%W(5))
U42=W(B)/(2.0"W(5))
U63=STGINV(TI*MUCTI+STGINV(2)*MU(2)+SIGINV(3)*MU(3)
Ub=UL T -Ub2*U43
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DT3(4,1)=-SIGINV(1)*Ub2
DT3(4,2)=-SIGINV(2)*Ub2
DT3(4,3)=-SIGINV(3)*Ub2
UST=R*(SIGINV(1)*W(11)+2.0%SIGINV(2)*W(12)+0.5*SIGINV(3)* (W(3)
c -W(4)))/(2.0"(5))
US2=W(10)/M(5)
U5=US1-US2*U43 P
DT3(5,1)=-SIGINV(1)*US2

DT3(5,2)=-SIGINV(2)*U52

DY3(S,3)=-SIGINV(3)*US2
UST=R*(SIGINVCT)Y*(WC1)-W(2))+STGINV(2)*(W(3)-W(4))+SIGINV(3)

c *(W(7)+W(5)))/(4.0%W(5))

U62=W(6)/(2.0%W(5)) .
U=U61-U62*U43

DT3(6 1)=-SIGINV(1)*Ub2

DT3(6,2)=-SIGINV(2)*U62

DT3(6,3)=-SIGINV(3)*Ub2
U71=R*(STGINV(2)*W(11)+2.0%SIGINV(4)*W(12)+0.5*SIGIN\ (5)
¢ *(W(3)-W(4)))/(6.0%W(5))

U72=W(10)/(2.0*W(5))
U73=SIGINV(2)*MUCT)+STGINV(4)*MU(2)+STIGINV(S)*MU(3)

U7=U7%-UT2*UT3

DT3(7,1)=-SIGINV(2)*UT2

DT3(7.2)=-SIGINV(4)*U72

DT3(7,3)=-SIGINV(5)*U72
UBT=R*(SIGINV(2)*(W(1)-W(2))+SIGINV(4)*(W(3)-W(4))+SIGINV(S)

c *(W(7)*H(5)))/ (6. 0%W(5))

UB2=W(6)/(2.0%W(5))

UB=UB1 -UB2*UT3

DT3(8,1)=-SIGINV(2)*UB2

DT3(8,2)=-SIGINV(4)*UB2

DT3(8,3)=-SIGINV(5)*UB2

UDT=R*(STGINV(3)* (WC1)-W(2))+STGINV(S)*(W(3)-W(4))+SIGINV(6)
¢ *(W(T)+W(5)))/(B.0*MH(5))

U92=W(6)/(4.0"W(5))
U93=SIGINV(3)*MU(1)+SIGINV(5)*MU(2)+SIGINV(6)*MU(3)

U9=U91-U92*U93

DT3(9, 1)=- SIGINV(3)*US2

DT3(9,2)=-SIGINV(5)*U92

DT3(9,3)=-SIGINV(6)*U92

TEMP1=( (R*WC11)/2.0)-MUC2)*W(B))/(2.0*W(5))
TEMP2=(0.25*R*(W(1)-W(2))-MU(3)*W(8))/(2.0*W(5))

TEMP3. (R*W(9)-MUC1)*W(8))/(2.0*W(5))

DT3(4,4)=-SIGINV(1)*U4

DT3(4,5)=-2.0%SIGINV(2)*Ub- (SIG(&)*TEMP1-SIG(5)*TEMP2)/DET
DT3(4,6)=-2.0"SIGINV(3)*Ub- (SIG(4)*TEMP2-SIG(5)*TEMP1)/DET
DT3(4,7)=-SIGINV(4)*Uh- (SIG(3)*TEMP2-SIG(6)*TEMP3)/DET
DT3(4,8)=-2.0%SIGINV(S)*Ub- (2.0%S1G(5)*TEMP3-S1G(3)* TEMP1-Si6.2)
¢ *TEMP?)/DET

DT3(4,9)=- SIGINV(6)*Uk- (SIG(2)*TEMPY - SIG(4)*TEMP3 ) /DET

TEMP1=(R*W(12) -MU(2)*W(10))/W(5)
TEMP2=(0.25*R*(W(3)-W(4))-MU(3)*W(10))/W(S)
TEMP3=(R*W(11)/2.0-MUC1)*W(10))/W(5)

DT3(5,4)=-SIGINV(1)*US

DT3(5,5)=-2.0%SIGINV(2)*US- (SIG(6)*TEMP1-S1G(5)*TEMP2)/DET
DT3(5,6)=-2.0*SIGINV(3)*US- (SIG(4)*TEMP2-S1G(5)*TEMP1)/DET

DT3(5,7)=-SIGINV(4)*US- (SIG(3)*TEMPZ-SIG(6)*TEMP3 ) /DET .
DT3(5,8)=-2.0%SIGINV(5)*U5-(2.0*SIG(5)*TEMP3-SIG(3)*TEMP1-SIG(2)

o *TEMP2)/DET

DY3(5,9)=-SIGINV(6)*US- (SIG(2)*TEMP1-SIG(4)*TEMP3)/DET

DT3(7,4)=-SIGINV(T1)*U7- (SIG(S)*TEMP2-SIG(6)*TEMP1)/(2.0*DET) *

DT3(7,5)=-2.0*SIGINV(2)*U7-(SIG(6)*TEMP3-SIG(3)*TEMP2)/(2.0*DET)
D13(7,6)=-2.0*SIGINV(3)*U7- (2.0*SIG(3)*TEMPI-SIG(S5)*TEMP3-SI1G(2)
c *TEMP2)/(2.0*DET)

DT3(7,7)--SIGINV(4)*U7
DT3(7,8)=-2.0*SIGINV(5)*U7-(SIG(1)*TEMP2-SIG(3)*TEMP3)/(2.0*DET)
DT3(7,9)=-SIGINV(6)*U7-(SIG(2)*TEMPI-SIG(1)*TEMP1)/(2.0*DET)
TEMP1=(R*(W(3)-W(4))/2.0-MU(2)*W(6))/(2.0*W(5))
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TEMP2=(R*(W(7)+W(5))/2.0-MU(3)*W(6))/(2.0*W(5))
TEMP3=(R*(W(1)-W(2))/2.0-MU(1)*W(6))/(2.0%W(5))
DT3(6,4)=-SIGINV(1)*Ub

DT3(6,5)=-2.0*SIGINV(2)*U6-(SIG(6)*TEMP1-SIG(5)*TEMP2)/DET
DT3¢6,6)=-2.0*SIGINV(3)*Ub- (SIG(4)*TEMP2-SIG(5)*TEMP1}/DET
DY3(6,7)=-SIGINV(4)*Ub- (SIG(3)*TEMP2-SIG(6)*TEMP3) /DET
DT3(6,8)=-2.0*SIGINV(5)*U6- (2.0*SIG(5)*TEMP3-SIG(3)*TEMP1-SIG(2)

*TEMP2)/DET

DT3(6,9)=-SIGINV(6)*U6-(STG(2)*TEMP1-SIG(4)*TEMP3)/DET
DT3(8,4)=-SIGINV(1)*UB- (SIG(5)*TEMP2-SIG(6)*TEMP1)/DET
DT3(8,5)=-2.0*SIGINV(2)*UB- (SIG(6)*TEMP3-SIG(3)*TEMP2)/DET
DT3(8,6)=-2.0*SIGINV(3)*UB- (2.0*STC(3)*TEMP1-SIG(S5)*TEMP3-SIG(2)

c *TEMP2)/DET

C

DT3(8,7)=-SICINV(4)*U8

DT3(8,8)=-2.0*SIGINV(5)*UB-(SIG(1)*TEMP2-S1G(3)*TEMP3)/DET
DT3(8,9)=-SIGINV(6)*UB- (SIG(2)*TEMP3-S1G(1)*TEMP1)/DET
DT3(9,4)=-SIGINV(1)*U9- (SIG(S)*TEMP1-SIG(4)*TEMP2)/(2.0*DET)
DT3(9,5)=-2.0*SIGINV(2)*US-(2.0*SIG(2)*TEMP2-SIG(3)*TEMP1-SIG(5)

*TEMP3)/(2.0*DET)

DT3(9,6)=-2.0*SIGINV(3)*U9- (SIG(4)*TEMP3-SIG(2)*TEMP1)/(2.0*DET)
DT3(9,7)=-SIGINV(4)*UP- (SIG(3)*TEMP3-SIG(1)*TEMP2)/(2.0*DET)
DT3(9,8)=-2.0*SIGINV(5)*U9- (SIG(1)*TEMP1-SIG(2)*(EMP3)/(2.0*DET)

DT3(9,9)=-SIGINV(6)*US
DT3¢4, 10)=UL1/R
DT3¢5,10)=US1/R
DT3(6,10)=US1/R
DT3(7,10)=U71/R
DT3¢8,10)=U81/R
PT3(9,10)=U91/R
00 300 1=4,9
DO 400 J=11,22
pT3¢1,4)=0.0
CONTINUE

CONT INUE
DT3¢4,11)=(R*SIGINV(3))/(8.0%(5))
DT3(4,12)=-DT3(4,11)
DT3(4,15)=-Ub/M(5)
DT3(4,18)=-Uk3/(2.0"W(5))
DT3¢4,19)=(R*SIGINV(1))/(2.0"(5))
DT3(4,21)=(R*SIGINV(2))/(4.0*W(5))
DT3(5,13)=(R*SIGINV(3))/(4.0%(5))
DT3(5,14)=-D13(5,13)
DT3(5,15)=-US/W(5)
DT3(5,20)=-U43/N(5)
DT3(5,21)=013¢4,19)
DT3(5,22)=(R*SIGINV(2))/W(5)
DT3(6,11)=(R*SIGINV(1))/(4.0"(5))
DT3(6,12)=-DT3¢6,11)
DT3(6,13)=DT3(4,21)
DT3(6,14)=-DT3(6,13)
DT3(6, 17)=(R*SIGINV(3) )/ (4.0"W(5))
DT3(6,15)=-U6/W(5)+DT3(6,17)
0T3(6,16)=-Ub3/(2.0"4(5))
DT3(7,13)=(R*SIGINV(5))/(8.0*N(5))
DT3(7,14)=-DT3(7,13)
D13(7,15)=-U7/W(5)
DT3(7,20)=-U73/(2.0%W(5))
DT3(7,21)=DT3¢4,21)
DT3(7,22)=(R*SIGINV(4))/(2.0%(5))
DT3(8,11)=013¢4,21)
DT, 12)= DT3(4,21)
DT3¢8,13)=DT3(7,22)/2.0
DT3(8,14)=-DT3(8,13)
DT3¢8,15)=-UB/W(5)+DT3(7,13)*2.0
DT3(8,16)=DT3(7,20)
DT3(8,17)=0T3(7,13)*2.0
DT3(9,11)=0T3(4,11)
073(9,12)=-DT3(9,11)
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DT3(9,13)=D13(7,13)
DT3(9,14)=-DT3(9,13)
DT3(9,17)=(R*SIGINV(6))/(8.0%*W(5))
DT3(9,15)=-U9/W(5)+DT3(9,17)
DT3(9,16)=-U93/(4.0%W(5))

RETURN

END

SUBROUTINE MAKES

CREATES THE MATRICES S AND ST

INCLUDE 'PMUCOM DEF!
INTEGER 1,4
Do 10 1=1,9
DO 20 J=1,6
$(1,4)=0.0
CONTINUE
CONTINUE
s¢1,1)=1.
$(2,2)=0.
S$(3,3)=0.
$(4,2)=0.
$(5,4)=1.
$(6,5)=0.
$(7,3)=0.
$(8,5)=0.
$(9,6)=1.
DO 30 1=1,6
DO 40 J=1,9
ST(1,4)=8(¢J, 1)
CONTINUE
CONT INUE
RETURN
END

owvunuvowvuiuno

SUBROUTINE PMUS(INP,OUTP1,0UTP2)

COMPUTES THE VALUES OF PMU AND PSIG

INCLUDE 'PMUCOM DEF'
INCLUDE 'COM DEF'
REAL INP(3,3),0UTP1(3,3),PROD(D,9), TEMP(9,6),0UTP2(6,6)
INTEGER 1,J
CALL TENSR(INP,INP,PROD,3,3,3,3)
CALL MXTMLT(PROD,S,TEMP,9,9,6)
CALL MXTMLT(ST,TEMP,0UTP2,6,9,6)
DO 10 1=1,6
DO 20 J=1,6
OUTPZ(1,J)=(2.0%0UTP2(1,J))/(REAL (NUMTR)*NUMSIM)
CONTINUE
CONT INUE
00 30 I=1,3
DO 40 4=1,3
OUTP1(1,J)=INP(],J)/REAL(NUMTR)
CONT INUE
CONT INUE
RETURN
END

78




SUBROUTINE TENSR(A,B,C,A1,A2,B1,82)
*  COMPUTES THE TENSOR PRODUCT OF A AND B OUPTUT TO C

INTEGER 1,J,K,L,A1,A2,81,B2

REAL A(A1,A2),B(B1,B2),C(A1*B1,A2*B2)

DO 10 1=1,A1

DO 20 J=1,A2
00 30 K=1,81
DO 40 L=1,82
CCK+(1-1)%B1,L+(J-1)*B2)=AC1,JI*BK, L)

40 CONTINUE
30 CONTINUE
20 CONTINUE
10 CONTINUE

RETURN

END

SUBROUTINE BNDEST(SEPM,PMU,PSIG,SEPMU,SEPSIG,CI)

*  CALCULATES THE FIRST AND SECOND ORDER VARIANCE ESTIMATES AND
*  CORRESPONDING CONFIDENCE INTERVAL SIZES

INTEGER 1,J
REAL TEMP1(3,3),TEMP2(6,6),TEMP3(3,6), TEMPL(6,3),SSQMU(D),
$SAS1G(36),SSAMSG( 18), SSASGM(18),SEPM(9,9),PS1GSA(36,36),
PSIG(6,6),SEPMU(3), SEPSIG(6), TEMP(36),PMUSQ(9,9),PMU(3,3),
PMUSIG(18,18),PSIGMU(18,18),C1(2),STPMU(D),STPSIG(36)
,BND,BND1,BND2,BND3
po 10 1=1,3
DO 20 4=1,3
TEMP1(1,J)=SEPM(T,J)
20 CONT INUE
Do 30 J=1,6
TEMP3 (I, J)=SEPM(I, J+3)
30 CONTINUE
10 CONTINUE
CALL STRING(TEMP1,SSQMU,3,3)
CALL STRING(TEMP3,SSQMSG,3,6)
DO 40 1=1,6
Do 50 J=1,3
TEMP4(1,J)=SEPM(1+3,J)
50 CONT INUE

s X e NaNgl

DO 60 J=1,6
TEMP2(1,J)=SEPM(1+3,J+3)
60 CONTINUE
40 CONTINUE

CALL STRING(TEMP4,SSOSGM,6,3)

CALL STRING(TEMP2,$5051G,6,6)

CALL MXTMLT(PMU,SEPMU,TEMP,3,3,1)

CALL MXTMLT(SEPMU,TEMP,BND,1,3,1)

CALL MXTMLT(PSIG,SEPSIG, TEMP,6,6,1)
CALL MXTMLT(SEPSIG,TEMP,BND1,1,6,1)

BND 1=BND 1+BND

CALL TENSR(PMU,PMU,PMUSQ,3,3,3,3)

CALL MXTMLT(PMUSG,SSQMu,TEMP,9,9,1)
CALL MXTMLT(SSQMU,TEMP,BND,1,9,1)

CALL TENSR(PSIG,PSIG,PSIGSQ,6,6,6,6)
CALL MXTMLT(PSIGSQ,SSQSIG, TEMP,36,36,1)
CALL MXTMLT(SSGSIG,TEMP,BND2,1,36,1)
BND2=(BND+BND2)/2.0

CALL TENSR(PMU,PSIG,PMUSIG,3,3,6,6)
CALL MXTMLT(PMUSIG,SSOMSG, TEMP,18,18,1)
CALL MXTMLT(SSQMSG,TEMP,BND,1,18,1)
CALL TENSR(PSIG,PMU,PSIGMU,6,6,3,3)
CALL MXTMLT(PSIGMU,SSQSGM,TEMP,18,18,1)
CALL MXTMLT(SSQSGM,TEMP,BND3,1,18,1)
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L4

20
10

BND2=BND2+( (BND+BND3)/2.0)

CALL STRING(PMU,STPMU,3,3)

CALL STRING(PSIG,STPSIG,6,6)

CALL MXTMLT(SSQMU,STPMU,BND,1,9,1)
CALL MXTMLT(SSQSIG,STPSIG,BND3,1,36,1)
BND2=BND2+( ( (BND+BND3)**2)/4.0)
BND=BND 1+BND2
CI(1)=1.96*SQRT(BND1)
CI(2)=1.96*SART(BND)

RETURN

END

SUBROUTINE STRING(A1,A2,N1,N2)
STRINGS OUT THE MATRIX A1 AS A VECTOR A2

REAL AT(NT,N2),AZ(N1*N2)

INTEGER 1,N1,N2,J

DO 10 1=1,N1
DO 20 J=1,N2

A2C(1-1)*N2+)=AN(T, 1)

CONTINUE

CONT INUE

RETURN

END

REAL FUNCTION HX(X,Y)
REAL X,Y,SPHER(3),TEMP
INCLUDE *COM DEF’
SPHER(1)=R*SIN(X)*COS(Y)-MU(1)
SPHER(2)=R*SIN(X)*SIN(Y)-MU(2)
SPHER(3)=R*COS(X)-MU(3)
TEMP=-0.5%(((SPHER(1)**2)*SIGINV(1))+(2.0*SPHER(1)*SPHER(2)
c *SIGINV(2))+(2.0*SPHER( 1 )*SPHER(3)*SIGINV(3))
¢ +((SPHER(2)**2)*SIGINV(4))+(2.0*SPHER(2)*SPHER(3)
c *SIGINV(S5))+((SPHER(3)**2)*SIGINV(6)))
IF (TEMP .GT. -27.0 ) THEN
HX=EXP ( TEMP)/DENOM
ELSE
HX=0.0
ENDIF
RETURN
END

REAL FUNCTION CC1111¢X,Y)
EXTERNAL HX

REAL X,Y
CC1111=COS(X)*COSCYI*HX(X,Y)
RETURN

END

REAL FUNCTION CC1311¢X,Y)
EXTERNAL HX

REAL X,Y
CC1311=C0S(3.0*X)*COSCY)I*KX(X,Y)
RETURN

END

REAL FUNCTION CC3111(X,Y)
EXTERNAL MX

REAL X,Y
CC31112(COS(X)**3)*COSCY)*HX(X,Y)
RETURN

END
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REAL FUNCTION CS1111(X,Y)
EXTERNAL HX

REAL X,Y
€S1111=COSCX)*SINCY I*HX(X,Y)
RETURN

END

REAL FUNCTION CS1311(X,Y)
EXTERNAL HX

REAL X,Y
CS1311=COS(3.0*X)*SIN(Y)*KX(X,Y)
RETURN

END

REAL FUNCTION CS3111(X,Y)
EXTERNAL HX

REAL X,Y

€S3111=(COSCXI**3)I*SINCY Y*HX(X,Y)
RETURN

END

REAL FUNCTION SC1100(X,Y)
EXTERNAL HX

REAL X,Y
SC1100=SIN(X)*HX(X,Y)
RETURN

END

REAL FUNCTION SC1200(X,Y)
EXTERNAL HX

REAL X,Y
SC1200=SIN(2.0*X)*HX(X,Y)
RE TURN

END

REAL FUNCTION SC1300(X,Y)
EXTERNAL HX

REAL X,Y
SC1300=SIN(3.0*X)*HX(X,Y)
RETURN

END

REAL FUNCTION SC2111(X,Y)
EXTERNAL HX

REAL X, Y
SC2111=(SIN(X)**2)*COS(Y)*HX(X,Y)
RETURN

END

REAL FUNCTION SC3121(X,Y)

EXTERNAL HX

REAL X,Y
SC3121=(SINOO**I)*(COS(Y)*2)YHX(X,Y)
RETURN

END

REAL FUNCTION $S2111(X,Y)
EXTERNAL HX

REAL X,Y

$S2111=(SIN(X)**2)*SIN(Y Y*HX(X,Y)
RETURN

END
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REAL FUNCTION SS3112(X,Y)

EXTERNAL HX

REAL X,Y
SS3112=(SIN(X)**3)*SIN(2.0%Y)*HX(X,Y)
RETURN

END

REAL FUNCTION SS3121(X,Y)

EXTERNAL HX

REAL X,Y
SS3121=(SIN(X)**3)*(SINCY)I**2)*HX(X,Y)
RET'JRN

END

REAL FUNCTION CC1113(¢X,Y)
EXTERNAL HX

REAL X,Y
CC1113=COS(X)*COS(3.0*YIVHX(X,Y)
RETURN

END

REAL FUNCTION CC1131(X,Y)
EXTERNAL HX

REAL X,Y
CC1131=COS(X)*(COSCYI**3)*HX(X,Y)
RETURN

END

REAL FUNCTION CC1211(X,Y)
EXTERNAL HX

REAL X,Y
€C1211=C0S(2.0*X)*COSCYI*HX(X,Y)
RETURN

END

REAL FUNCTION CC1331(X,Y)

EXTERNAL WX

REAL X,Y

€C1331=COS(3.0*X)* (COS(Y)**3)*HX(X,Y)
RETURN

END

REAL FUNCTION CC1411(X,Y)
EXTERNAL HX

REAL X~

CC1411  )S(4.0*X)*COSCY)I*HX(X,Y)
RETURN

END

REAL FUNCTION CC1511(X,Y)
EXTERNAL HX

REAL X,Y

CC1511=C0S(5.0"X)*COS(Y Y*HX(X,Y)
RETURN

END

REAL FUNCTION CC1531¢X,Y)

EXTERNAL HX

REAL X,Y

CC1531=2C0S(5.0"X)* (COS(Y)I**3)*HX(X,Y)
RETURN

END
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REAL FUNCTION CC2111(X,Y)
EXTERNAL HX

REAL X,Y

€C2111=(COS(X)**2)*COS(Y I*HX(X,Y)
RETURK

END

REAL FUNCTION CC3113(X,Y)

EXTERNAL HX

REAL X,Y
CC3113=(COSCX)**3)*COS(3.0%Y Y*HX(X,Y)
RETURN

END

REAL FUNCTION CC3131(X,Y)

EXTERNAL KX

REAL X,Y
€C3131=(COS(X)**3)*(COSCY)I**3)*HX(X,Y)
RETURN

END

REAL FUNCTION CCS111(X,Y)
EXTERNAL HX

REAL X,Y
CC5111=(COS(X)**5)*COSCY Y HX(X,Y)
RETURN

END

REAL FUNCTION CCS5113(X,Y)

EXTERNAL HX

REAL X,Y
CC5113=(COS(X)**5)*COS(3.0%Y)*HX(X,Y)
RETURN

END

REAL FUNCTION CC5131(X,Y)

EXTERNAL HX

REAL X,Y
CC5131=(COS(X)**5)*(COS(Y)**3)*HX(X,Y)
RETURN

END

REAL FUNCTION CS1113(X,Y)
EXTERNAL HX

REAL X, Y
CS1113=COSX)I*SINC3.0%Y )*HX(X,Y)
RETURN

END

REAL FUNCTION CS1131(X,Y)
EXTERNAL WX

REAL X,Y
CS1131=COS(XI*(SINCY)I**I)*HX(X,Y)
RE TURN

END

REAL FUNCTION CS1211¢X,Y)
EXTERNAL MX

REAL X,Y
CS1211=C0S(2.0*X)*SINCYI*HX(X,Y)
RE TURN

END




REAL FUNCTION CS1331(X,Y)

EXTERNAL HX

REAL X,Y

CS1331=C0S(3.0%X)* (SINCY)**3)*HX(X,Y)
RETURN

END

REAL FUNCTION CS1411(X,Y)
EXTERNAL HX

REAL X,Y

€S16112C08(4. 0*X)*SINCYY*HX (X, Y)
RETURN

END

REAL FUNCTION CS1511(X,Y)
EXTERNAL HX

REAL X,Y

£S1511=C0S(5. 0"X)*SINCY Y*HX(X, Y)
RETURN

END

REAL FUNCTION CS1531(X,Y)

EXTERNAL HX

REAL X,Y
CS1531=C0S(5.0%X)*(SINCY)**3)*HX(X,Y)
RETURN

END

REAL FUNCTION CS2111(X,Y)
EXTERNAL HX

REAL X,Y
CS2111=(COS(X)**2)*SINCY)*HX(X,Y)
RETURN

END

REAL FUNCTION CS3113¢X,Y)

EXTERNAL KX

REAL X,Y
€$3113=(COS(XI**3)I*SINC3.0*Y)*HX(X,Y)
RE TURN

END

REAL FUNCTION CS3131(X,Y)

EXTERNAL KX

REAL X,Y
CS3131=(COS(XI**3)*(SINCY)I**3)*HX(X,Y)
RETURN

END

REAL FUNCTION CSS111(X,Y)
EXTERNAL HX

REAL X,Y
€S5111=(COS(X)**S)I*SINCY)I*HX(X,Y)
RE TURN

END

REAL FUNCTIO' CSS5113¢X,Y)

EXTERNAL MHX

REAL X,Y
£S51°3=¢COS(X)I**S)*SIN(3I.0*Y)*HX(X,Y)
RETUPN

END
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REAL FUKNCTION CS5131(X,Y)

EXTERNAL HX

REAL X,Y

€S5131=(COSCXI**5)* (SIN(Y)I**3)*KX(X,Y)
RETURN

END

REAL FUNCTION SC1121(X,Y)
EXTERNAL HX

REAL X,Y
SC1121=SINCX)*(COS(Y)Y**2)*HX(X,Y)
RETURN

END

REAL FUNCTION SC1221(X,Y)

EXTERNAL HX

REAL X,Y
SC1221=SIN(2.0%X)*(COS(Y)**2)*HX(X,Y)
RE TURN

END

REAL FUNCTION SC1321(X,Y)

EXTERNAL HX

REAL X,Y
SC1321=SIN(3.0*X)*(COSCY)**2)*HX(X,Y)
RETURN

END

REAL FUNCTION SC1400(X,Y)
EXTERNAL HX

REAL X,Y
SC1400=SIN(4.0*X)*HX(X,Y)
RETURN

END

REAL FUNCTION SC1421(X,Y)

EXTERNAL HX

REAL X,Y
SC1621=SINC4 . 0*X)*(COSCY)**2)*HX(X,Y)
RETURN

END

REAL FUNCTION SC1500(X,Y)
EXTERNAL HX

REAL X,Y
SC1500=SIN(5.0*X)*HX(X,Y)
RETURN

END

REAL FUNCTION SC1521¢X,Y)

EXTERNAL WX

REAL X,Y
SC1521=SIN(S.0"X)*(COS(Y)I**2)*HX(X,Y)
RETURN

END

REAL FUNCTION SC3100(X,Y)
EXTERNAL HX

REAL X,Y
SC3100=(SINCX)**3)*HX(X,Y)
RETURN

END
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REAL FUNCTION SCA111(X,Y)
EXTERNAL HX

REAL X,Y
SCATTI=(SIN(X)I**4)I*COS(Y)*HX(X,Y)
RETURN

END

REAL FUNCTION SC&113(X,Y)

EXTERNAL RX

REAL X,Y
SC4113=(SIN(X)**4)*COS(3.0*Y)*HX(X,Y)
RETURN

END

REAL FUNCTION SC4131(X,Y)

EXTERNAL HX

REAL X,Y
SC4131=(SINCX)**4)*(COSCY ) *3)HX(X,Y)
RETURN

END

REAL FUNCTION SC5112(X,Y)

EXTERNAL HX

REAL X,Y
SC5112=(SIN(X)**5)*COS(2.0*Y)*HX(X,Y)
RETURN

END

REAL FUNCTION SC5114(X,Y)

EXTERNAL HX

REAL X,Y
SC5114=(SIN(X)**5)*COS(4.0*Y)*HX(X,Y)
RETURN

END

REAL FUNCTION SC5121(X,Y)

EXTERNAL HX

REAL X,Y

SC5121=(SIN(X)**5)* (COSCY)**2)*HX(X,Y)
RETURN

END

REAL FUNCTION SC5141(X,Y)

EXTERNAL HX

REAL X,Y
SC5141=(SINCX)**S)*(COS(Y)**4)*HX(X,Y)
RETURN

END

REAL FUNCTION SC1212(X,Y)

EXTERNAL WX

REAL X,Y
SC1212=SIN(2.0*X)*COS(2.0%Y)*HX(X,Y)
RETURN

END

REAL FUNCTION SC1412(X,Y)

EXTERNAL HX

REAL X,Y
SC1412=S1N(4.0"X)*COS(2.0"Y I*HX(X,Y)
RETURN

END
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REAL FUNCTION $S1112(X,Y)
EXTERNAL HX

REAL X,Y
SS1112=SINCX)*SIN(2.0*Y)*HX(X,Y)
RETURN

END

REAL FUNCTION SS1121(X,Y)
EXTERNAL HX

REAL X,Y
$S1121=SINOO*(SIN(Y)**2)*HX(X,Y)
RETURN

END

REAL FUNCTION SS1212(X,Y)

EXTERNAL HX

REAL X,Y
$512122SIN(2.0*X)*SIN(2.0*Y)*HX (X, Y)
RETURN

END

REAL FUNCTION SS1221(X,Y)

EXTERNAL HX

REAL X,Y
$S1221=SIN(2.0"X)*(SINCY)**2)*HX(X,Y)
RETURN

END

REAL FUNCTION S$S1312(X,Y)

EXTERNAL HX

REAL X,Y
§S1312=SIN(3.0*X)*SIN(2.0*Y)*HX(X,Y)
RETURN

END

REAL FUNCTION $$1321(X,Y)

EXTERNAL HX

REAL X,Y
$S1321=SIN(3.0"X)*(SIN(Y)**2)*HX(X,Y)
RETURN

END

REAL FUNCTION $S1412(X,Y)

EXTERNAL HX

REAL X,Y
$514612=SIN(4 . 0*X)*SIN(2.0*Y)*HX(X,Y)
RETURN

END

REAL FUNCTION $51421(X,Y)

EXTERNAL HX

REAL X,Y
$S1421=SIN(4 . 0*X)* (SINCY)I**2)"HX(X,Y)
RETURN

END

REAL FUNCTION $S1512(X,Y)

EXTERNAL KX

REAL X,Y
SS1512=SIN(S.0*X)*SIN(2.0*Y)Y*HX(X,Y)
RETURN

END
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REAL FUNCTION SS1521(X,Y)

EXTERNAL HX

REAL X,Y
S$S1521=SIN(S. 0™ (SIN(Y)I**2)*HX(X,Y)
RETURN

END

REAL FUNCTION SS4111(X,Y)
EXTERNAL HX

REAL X,Y
SSAT11=(SIN(XI**4)*SINCY)*HX(X,Y)
RETURN

END

REAL FUNCTION $S4113(X,Y)

EXTERNAL HX

REAL X,Y
$S4113=(SIN(X)**4)*SIN(3.0*Y)*HX(X,Y)
RETURN

END

REAL FUNCTION SS4131(X,Y)

EXTERNAL HX

REAL X,Y
$S6131=(SINCO* 4 (SINCY)**3)*HX(X,Y)
RETURN

END

REAL FUNC:ION $S5112(X,Y)

EXTERNAL HX

REAL X,Y
$S5112=(SINCX)**S)*SIN(2.0*Y)*HX(X,Y)
RETURN

END

REAL FUNCTION SS5114(X,Y)

EXTERNAL HX

REAL X,Y
SSS116=(SINCX)**5)*SIN(4. 0% Y )*HX(X,Y)
RETURN

END

REAL FUNCTION SS5121(X,Y)

EXTERNAL HX

REAL X,Y

SSS121=(SINCX)**S)* (SIN(Y)**2)*HX(X,Y)
RETURN

END

REAL FUNCTION SS3141(X,Y)

EXTERNAL HX

REAL X,Y
SSS14T=(SINOOY*S)I*(SINCY )**4 ) *HX(X,Y)
RETURN

END

COM DEF

REAL R,SIG(6),SIGINV(6),DET,DENOM,MUC3),PT, A, B, ERRABS, ERRREL
c ,MS1G(3,3),MUSET(3),S1GSET(3,3),SEPSET

INTEGER IRULE, ISEED,NUMTR

COMMON/COM1/R ,S1G,SIGINV,DET,DENOM, MU, ERRABS, ERRREL ,MS1G,
c MUSET,SIGSET,SEPSET, IRULE,NUMTR, ISEED
PARAMETER(P1=3.1415927)
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WVEC DEF
REAL W(12),CC(17),CS(18),5C(19),55(18)
COMMON/WCC/W,CC,CS,SC,SS

PMUCOM DEF
REAL $(¢9,6),ST(6,9),NUMSIM
COMMON/COM3/S, ST ,NUMSIM

SEPCOM DEF

REAL CXX,CYY,C2Z,SQPIINV,QUPITW,CSANT,C,RADIUS, MN(3)
COMMON/COM2/CXX, CYY, €22, CSANT,C,RADIUS , MN
PARAMETER(SQP11NV=0.5641896,QUPI TW=0.05626977)
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